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How to use this book

Throughout this book you will notice particular features that are designed to help your learning.
This section provides a brief overview of these features.

B Differentiate products and quotients.

[ Use the derivatives of €%, In X, sin x, cos x, tan x, together with constant multiples, sums,
differences and composites.

B Find and use the first derivative of a function which is defined parametrically or implicitly.

Learning objectives indicate the important concepts within each chapter and help you to navigate
through the practice book.

log;g x could also be written as log x or Ig x.

Tip boxes contain helpful guidance about calculating or checking your answers.

END-OF-CHAPTER REVIEW EXERCISE 3

1 Find the exact solution of the following equations for - < 6 < 1.

a i cosecH=-2
il cosecO=-1
b i cotf= \/E
ii cotf=1
c i secf=1
il secHf=-— %
d i cot6=0
ii cotf=-1

The End-of-chapter review exercise contains exam-style questions covering all topics in the
chapter. You can use this to check your understanding of the topics you have covered.

WORKED EXAMPLE 2.2

On average, flaws occur in a roll of cloth at the rate of 3.6 per metre.
Assuming a Poisson distribution is appropriate, find the probability of:

a exactly nine flaws in three metres of cloth
b less than three flaws in half a metre of cloth.

Answer

e 108 1(3)—: =0.112 Use the interval to determine the mean,
A. For three metres, A = 3 x 3.6 = 10.8.




b

e L8 <1 + 1.8+ l;) =0.731 For half a metre, A = % x 3.6 = 1.8.

Worked examples provide step-by-step approaches to answering questions. The left side shows a fully
worked solution, while the right side contains a commentary explaining each step in the working.

Throughout each chapter there are exercises containing practice questions. The questions are coded:
@ These questions focus on problem-solving.
G These questions focus on proofs.

These questions focus on modelling.
7 You should not use a calculator for these questions.

You can use a calculator for these questions.

This book covers both Pure Mathematics 2 and Pure Mathematics 3. One topic (5.5 The trapezium rule) is
only covered in Pure Mathematics 2 and this section is marked with the icon . Chapters 7-11 are only
covered in Pure Mathematics 3 and these are marked with the icon . The icons appear in the Contents
list and in the relevant sections of the book.



Algebra

M Understand the meaning of |z|, sketch the graph of y = |ax + b| and use relations such as
la| = |b| & a? =b? and [zt —a| < b < a—b < z < a+b in the course of solving
equations and inequalities.

B Divide a polynomial, of degree not exceeding 4, by a linear or quadratic polynomial, and
identify the quotient and remainder (which may be zero).

B Use the factor theorem and the remainder theorem.



1.1 The modulus function

WORKED EXAMPLE 1.1

Solve:
a 23z—1|=|tz—1
b m2—5‘w‘+420

Answer
a 213z -1 = '%Jf' - 1' Split the equation into two parts.
2(1-38z) = 1-qo____ (1)
2(1-38z) = —(1—3z) (2)
2 6z — 1-— % ” Using equation (1), expand brackets.
*5%$ = -1 Solve.
> = &
2—6x = —1+ 3z
_6 % r — -3 Solve using equation (2).
r = S

The solution is: x = % orr = %
2 _
b 2" —5lz|+4 = 0 Subtract 22 + 4 from both sides.
—5lz] = —x*—-4
z| = +(2°+4) Divide both sides by -5.
Split the equation into two parts.
1(.2
v o= LEH) ()
po= L) ()
2
Sz = a”+4 Using equation (1), rearrange.
22 —5x+4 = 0 Factorise.
(x—4)(x—1) = 0
r = 4,1 Using equation (2), rearrange.
Factorise.
br = —x?—4
22+5x+4 = 0
(x+4)(z+1) = 0




The solutions are ¢ = +1,+4

12-51|+4 = 0
42 —5(4| +4 0
(-1)>=5|—-1|+4 = 0
(—4)> —5|—4/+4 = 0

Check.

EXERCISE 1A

1 Solve:
a [z+2|=5
b |[z—-1/=7
c [2¢-3/=3
d [3z+1] =10
e |z+1| =2z — 3]
f |z—3|=[3z+1]
g [2z+1| =[3z+9|
h |5z + 1| = |11 — 2z

Q

Remember:
'a| = |b| & a2 =02

2 Solve these equations.
a |[z+1]+1—2z|=2
b |z+1—[1—z| =2
c —|lz+1+|1—z| =2
3 Solve these equations.
a |z|=1—-2z|+1
b |z—1=z|+1
c jlz—1]+z|=1
4 Solve these equations.
a z+|[2z—-1/=3
b 3+[2z2—1] ==
5 Solve:
a ‘9:2—4‘ =12
b |6+ =5z
c ‘m2+3w‘ =xz+1
d |22 —4|=4z+1
e ‘3x2—2w‘:1—x
f |22—3z+6|=4+22

6 Solve the simultaneous equations.



a x+2y =
le+2/+y = O
b 3z2+y =0
Yy = ‘:1:2—2:1:'

7 Solve the equation 2':1: — 1‘2 + 3|:z: — 1‘ —2=0.
8 a Solve the equation 22 — 5|w| +6 =0.

b Sketch the graph of y = .732—5‘91:'—1—6.

¢ Write down the equation of the line of symmetry of the curve.
9 Solve the equation |2z + 1| + |2z — 1| = 3.

@ 10 Solve the equation ‘333 —2y+ 10’ +2,/74+3xz—3y =0.



1.2 Graphs of y = | f(z)| where f(z) is linear

WORKED EXAMPLE 1.2

, showing the points where the graph meets the

a Sketch the graph of y = ‘%w —1
axes. Use your graph to express '%m — 1' in an alternative form.

b Use your answer to part a to solve graphically ‘ %:n — 1| =1.

Answer
“ y=[3%- 1| First sketch the graph of y = %J} —1.
Reflect in the x-axis the part of the line
> that is below the z-axis.
The line has gradient é and a y-intercept of —1.
The graph shows that ’ %:{: — 1‘ can be written as:
1
. 3T — 1 ifz>3
gz —1] =
1 .
—(gm—l) if 2 <3
[ .
b ~] 2 ¥ :!T"‘L il On the same axes, draw y = 1.
g
o8 -~ = > Find the points of intersection of the

5 0 ) ! linesy:'%m—llandy:L

-

) J

There are two points of intersection of
' 1

the lines ¢ — ‘ga’; _ 1‘ and ¢y = 1 SO

there are two roots.

The solutions to '%w — 1‘ — 1 are

z =0andx = 6.

1 Sketch the graphs of each of the following functions showing the coordinates of the
points where the graph meets the axes.

a y=|r—4
b y=15—2z|
¢ y=[3-1a|

2 Sketch the following graphs.

a y=|z+3]
b y=|[3z—1|
c y=|z—5|
d y=13—2z|
e y=2lz+1]



= Q =

e

i
k
1

y =3[z —2|
y=—2|2z—1|

y = 3|2 — 3z
y=|z+4/+ |3 —z|
y=16—z|+ |1+ z|
y=|r—2]+ 2z -1
y =2z — 1| — |2z + 3]

Describe fully the transformation (or combination of transformations) that maps the
graph of y = |z| onto each of these functions.

a
b

- 0 A 0

y=|z—2/+3
y=|z+3 -2
y=1-|z|
y=1[3z|+1
y=2—|z+2|
y=1-3|z|

Sketch each of the following sets of graphs.

a

b
c
d

e

y:m2—2andy:’m2—2’

y =sin z and y = |sin z|
y=(z-1)(z-2)(z-3)andy = [(z —1)(z - 2) (z - 3)|
y = cos 2z and y = | cos 2z| and y = cos |2z|

y=le—2[andy = [[z] - 2|

f(z) = 3 — |2z — 3| for —2 < = < 6. Find the range of function f.

a

b

T o6 T

Sketch the graph of y = |22 — 3| + 1 for —2 < & < 6, showing the coordinates of
the vertex and the y-intercept.

On the same diagram, sketch the graph of y = 5 — .
Use your graph to solve the equation |2z — 3|+ 1 =5 — z.

Sketch the graph of y = |2z — 1| for —4 < = < 6, showing the coordinates of the
vertex and the y-intercept.

On the same diagram, sketch the graph of y = |3 — z|.

Use your graph to solve the equation 2z — 1| = |3 — z|.
Sketch the graph ofy = |2z + 1| + |1 — z|.

Use your graph to solve the equation |2z + 1|+ |1 — z| = 3.

Write the equation of each graph in the form y = |az + b|.




b

-
*

=¥

0 25

Y

10 Sketch the graph of y = z|z|.



1.3 Solving modulus inequalities

WORKED EXAMPLE 1.3

Solve the inequality |2z — 3| < |z — 2|.

Answer
Method 1 Use algebra.
_ < _
|22 32| S le—2f , Use ‘a‘ > ‘b‘ < a? > b,
(20-3)° < (2-2)
42’ —122+9 < 2’ —dz+4 Factorise.
32 —8z+5 < 0
Bz—5)(z—1) < 0
Critical values are % and 1.
Hence, 1 <z < %
¥y= I -8x+ 5
Method 2 Use a graph.
A y=px-3 The graphs of y = |2z — 3| and
y = |z — 2| intersect at the points A and
B.
N4
/=1
A
€ »
0 4 4 6
)
Y
. 3
223 = 20-3 x>y Find the points of intersection.
—(2z-3)if z < ;’
T —2 if ©>2
lz—2] = .
—(z—-2) if z<2
At A, the line y = — (z — 2) intersects
the liney = — (22 — 3).
—z+2 = —2zr+3
r = 1

At B, the line y = 2x — 3 intersects the
liney = — (z —2).




2¢ — 3

—x+2
5

3

3z

Z

To solve the inequality

|22 — 3| < |x — 2| find where the graph
of the function y = |2z — 3| is below
the graph of y = |z — 2.

Hence, 1 <z < 2

5

3"

Solve. (You may use either an algebraic method or a graphical method.)

= Q =, 0 o 60 T o

AR

lz+2] <1

|z —3|>5
|22+ 7| <3

|3z +2| > 8

|z + 2| < |3z +1]
|2z + 5] > |z + 2|
|z| > |22 — 3|
|4z + 1] < |4z — 1]

When solving modulus inequalities use
la] <bes—b<a<d
and |a| > bea<-b
orb<a

Sketch the graphs of y = |z| and y = 2|2z — 3| on the same axes.

Solve the inequality |z| > 2|2z — 3.

On the same axes sketch the graphs of y = 1 — |z — 2| and y = |2z — 3.
Solve the inequality 1 — |z — 2| > |2z — 3|.

Rewrite the function k (z) defined by k() = |z + 3| 4 |4 — x| for the following three
cases, without using the modulus in your answer.

a >4

b

-3<zx<4

c r< -3




1.4 Division of polynomials

WORKED EXAMPLE 1.4

Answer

332

m+3)x3+0m2—3a}—|—4

z3 + 322

—3z2 — 3z

z? — 3z
a:+3) 3 4+0x2—-3x+4

z3 4 322
—3z2 -3z |
—3z2 -9z

6x + 4

x2—3x+6
z+3 )x3+0x2—3w+4

z3 + 32
—3z% -3z
—3x% — 9x
6 + 4
6z + 18
—14

The remainder is —14.

The calculation can be written as:

Find the remainder when z® — 3z + 4 is divided by z + 3.

There is no 22 term in z° — 3 + 4 so we
write it as 2% + 0z — 3z + 4.

Divide the first term of the polynomial by

T $3+$:$2

Multiply (z + 3) by
z? : 2% (z+3) = 23 + 32?2

Subtract:

(w3 + 0:c2) — (m3 + 3:1:2) = —3z2 and
bring down the —3z from the next
column.

Repeat the process.
Divide —3z? by : —3z2+z = —3z

Multiply (z + 3) by
-3z : —3z(z+3)=-322-9z

Subtract:

(—32%—3z) — (—32® — 9z) = 62 and
bring down the 4 from the next column.
Repeat the process.

Divide 6z by x : 6z -ax =6

Multiply (z + 3) by
6 :6(x+3)=06x+18

Subtract: (6z +4) — (6z + 18) = —14

(z*—3z+4) = (z+3) x (z22—3z+6) — 14
T T T T
dividend divisor quotient remainder




1 Find the quotient and the remainder when the first polynomial is divided by the second.
a z3+2z2-3z+1, z+2
b z3—322+5zx—4, z—5

c 2z3+4x -5, z+3
d 523 —3x+7, r—4
e 23 —22—-3x—7, 2z +1
f 623 +1722— 172z +5, 3z—2

2 Use polynomial division to simplify the following expressions.
28 —322 13230
z?+3z+5

23 +52% 52463
z2—22+9
b i zt 1728 +1322 4222
2 +3z—1
2zt 432 3222 —17x+3

2 —4x—3

3 a Use algebraic division to show that  — 3 is a factor of 223 — bx2 — = — 6.

a i

ii

ii

b Hence show that there is only one real root for the equation 23 — 522 —z — 6 = 0

4 Use algebraic division to show that = + 2 is a factor of 23 + 8.

Use algebraic division to find the remainder when (1 + m)4 is divided by x + 2.



1.5 The factor theorem

WORKED EXAMPLE 1.5

a Factorise f(z) = 2% — 72? + 4z — 3.

b Hence, solve 223 — Tz? + 4z — 3 = 0, stating the number of real roots of the
equation.

Answer
a  Letf(z)=2x"—T7z*+4x—3

f(l):2(1)3*7(1)2+4(1)*3:*4' If x — ¢ is a factor,

so & — 1 is not a factor of f(x) . then ¢ can only be +1, + 3 because
- 3 2 the positive and negative factors of 3
f(=1) =2(-1)" = 7(-1) are +1, + 3.

+4(-1) -3 = —16,
so  + 1 is not a factor of f () .

f(3) =2 (3)3 -7 (3)2 +4(3)-3=0, The other factors of f () can be

so x — 3 is a factor of f () . found by any of the following
methods.
Method 1 Substitution.

Substitute the other factors of 3 into This (in other questions) could lead
f(z) = 2¢° — Tz® + 4z — 3. to a long method and may not yield
further results.

Method 2 Long division (generally a
shorter method).
‘2:32 —z+1 Hence, f(z) = (z — 3) (23:2
x73)2x3—7x2+4x73 —z+1)
22° — 622
244z
— 22+ 32

z—3
z —3

0

- 2
f(z) = (z—3) (238 —z+ 1) (2:02 —x+ 1) will not factorise

further.

Method 3 Equate coefficients.

Since ¢ — 3 is a factor,

223 — 722 + 4z — 3 can be written as
20 — T2+ 4z — 3

= (z—3) (am2 +ba:+c)

223 — 7x? + 4z — 3

Coefficient of 23 is 2, so a = 2
= (z—3) (22 + bz + 1)

Constant term is —3, so ¢ = 1 since




—3x1=-3.

—_ f— —_ f— —1
T=b-6,5s0b Equate the coefficients of x2.

4=1-3bs0b=—1. Equate the coefficients of x.

Hence, f(z) = (z — 3) (22 —z + 1)

b 22 —7x2 +4x -3 = 0 Factorise.
(z—3) (222 —z+1) =

Either (z—3) = 0 Solve.
T = 3
Or2z2—z+1 = 0 gs:e ’ilf gu:adlratic formula a = 2,
(1) /D) ’
o 20)

No solutions.

There is only one real solution to
the equation, which is = 3.

1 Decide whether each of the following expressions is a factor of 223 — 322 — 3z + 2.
ai z—1
ii z+1
b i -2
ii 42
c i - %
i z+ 3
d i 2x-—1
ii 2x+1
e i 3x—1
ii 3xz+2
2 Fully factorise the following expressions.
a i z2+222—2-2
il 23+22—4c-4
b i 2%—72%+ 16z —12
ii 2% +622+122+8
c i z2—-322+12x—-10
ii 2®—2x2+2z2-15
d i 62°—11z2+6z—1
ii 1223 + 1322 — 37z — 30
3 Solve the following equations.
a i z25+412=222+1lz
ii 23— 22— 17Tz =15

b i 22-5224+7x—-2=0




ii 23 -622+T2—-2=0
4 Find the roots of the following equations.
a i 2°-622+112=6
ii z3—222+6 =5z

bi z3+22—-2-1=0
ii 23 —322-100+24=0
5 a Show that (z — 2) is a factor of p (z) = z® — 3z — 10z + 24.
b Hence express p (x) as the product of three linear factors and solve p (z) = 0.
6 a Show that (z — 3) is a factor of p (z) = 2% — 2% — 2z — 12.

b Hence show that p (z) = 0 only has one real root.
x3 + Tx? + cz + d has factors (z + 1) and (z + 2). Find the values of ¢ and d.
f(z) = 23 — az? — bz + 168 has factors (z — 7) and (z — 3).
a Finda and b.
b Find the remaining factor of f ()
9 The polynomial x2 + kz — 8k has a factor (z — k). Find the possible values of k.
10 The polynomial z2 — (k + 1) z — 3 has a factor (z — k+ 1). Find k.
11 The polynomial 22 — 5z + 6 is a factor of 2z® — 1522 + az + b. Find the values of a and

12 Use the factor theorem to factorise the following quartic polynomials p (:I:) In each case
write down the real roots of the equation p (z) = 0.

zt -2 -T2+ 46

zt + 4z — 22 — 162 — 12
224 — 323 — 1222+ Tz + 6
6z* + z3 — 1722 — 16z — 4
zt — 223422 -1

4zt —122° + 22+ 122 + 4

’

=, Q6 T P



1.6 The remainder theorem

WORKED EXAMPLE 1.6

Use the remainder theorem to find the remainder when 3z% — 422 + 3z — 1 is divided by
2x¢ — 1.

Answer

Let f(z) = 32® —42® + 3z — 1
Remainder = f(1)

If a polynomial P(x) is divided by  — ¢, the remainder is
P(c).

If a polynomial P(x) is divided by ax — b, the remainder is

P (%)

1 When 323 — 222 + ax + b is divided by  — 1, the remainder is 3. When divided by
x + 1 the remainder is —13. Find the values of a and b.

2 When 2% + ax? + bz + 5 is divided by  — 2, the remainder is 23. When divided by
x + 1 the remainder is 11. Find the values of a and b.

3 When 2% + ax? + bz — 5 is divided by  — 1, the remainder is —1. When divided by
x + 1 the remainder is —5. Find the values of a and b.

4 When 223 — 22 + azx + b is divided by  — 2, the remainder is 25. When divided by
2 + 1 the remainder is —5. Find the values of a and b.

5 Find the values of a and b if az* + bz® — 82® + 6 has a remainder 2z + 1 when divided by
2
xz°— 1.

6 The expression pz* + gz® + 322 — 22+ 3 has a remainder z + 1 when divided by
x2 — 3z + 2. Find the values of p and q.

7 The expression az? + bz + ¢ is divisible by z — 1. It leaves a remainder 2 when divided
by x + 1, and has a remainder 8 when divided by  — 2. Find the values of a, b and c.

Q 8 The cubic polynomial z% + 22 + Az + B, where A and B are constants, is denoted by
f(x). When f () is divided by  — 1 the remainder is 4, and when f () is divided by
z + 2 the remainder is 10. Prove that = + 3 is a factor of f ().



END-OF-CHAPTER REVIEW EXERCISE 1

@
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Given that k > 0, find in terms of k the solution of the inequality |z — k| < |2z — k.

Solve the equation |z + k| = |z| + k, where k > 0.

a State the sequence of three transformations that transform the graph of y = |z| to
the graph of y = 5 — 3|z|. Hence sketch the graph of y = 5 — 3|z|.

b Solve the equation |2z — 1| = 5 — 3|z|.

¢ Write down the solution of the inequality |2z — 1| < 5 — 3|z|.

Solve the equation w‘w‘ = 2.

Sketch the graph of y = z + |z|.

Show that sz% = 22 + bz + ¢ where b and c are integers to be found.

The polynomial 22 — 4z + 3 is a factor of the polynomial z3 + az2 + 27z + b. Find the
values of @ and b.

The cubic polynomial 3 + 22 + Az + B, where A and B are constants, is denoted by
f(z).

When f (z) is divided by  — 1 the remainder is 4, and when f (z) is divided by = + 2 the
remainder is 10. Prove that « + 3 is a factor of f ().

The diagram shows the graph with equation y = az* + bz> + cz? + dz + e. Find the values
ofa, b, c,d and e.

Y A

=y

 J

@ 10 Given f(z) = 82° — 2% + 7, the remainder when f(z) is divided by  — a is eight times

the remainder when f (z) is divided by 2z — a. Find the two possible values of the
constant a.



Logarithmic and exponential
functions

B Understand the relationship between logarithms and indices, and use the laws of logarithms
(excluding change of base).

M Understand the definition and properties of €* and In z, including their relationship as
inverse functions and their graphs.

B Use logarithms to solve equations and inequalities in which the unknown appears in indices.

B Use logarithms to transform a given relationship to linear form, and hence determine
unknown constants by considering the gradient and/or intercept.



2.1 Logarithms to base 10

WORKED EXAMPLE 2.1

a Solve 10” = 45, giving your answer correct to 3 significant figures.
b Solve log;; x = 1.2, giving your answer correct to 3 significant figures.

Answer
a 10 = 45 Take logs to base 10 of both
v = log 45 log,, 10” = z for z €R
1.6532...
= 1.65 (3 significant figures)
b logpz = 1.2 Write each side as an exponent
lologm T 101.2 of ].0
_ 101.2
* 10810 2 = gforz > 0
r = 15.84...
z = 15.8 (3 significant figures)

EXERCISE 2A

1

Convert from exponential form to logarithmic form.

a 10°® = 1000

b 10* =500

c 10* =0.02

Solve each of these equations, giving your answers correct to 3 significant figures.
a 10° =12

b 10° =4.24

c 10° =0.69

Convert from logarithmic form to exponential form.

a log,,100000 =5

b log,,z=1.03

¢ log,,z=-0.2

Solve each of these equations, giving your answers correct to 3 significant figures.
a log;,z=1.33

b log,,z = 3.76

c log,z=-1.6

O

‘ log;, * could also be written as log x orlg .

Without using a calculator, find the value of:



log 10 000
log 0.000 01

log (1004/10)
lg (v10)
e lg (100/10)
10000
r lg ()
Solve the equation log;, (3z+1) = 2.

o o6 T e

Given that the function f is defined as f : = — 10%* +5 for z € R, find an expression

for f ' (x).

Solve the simultaneous equations (log;, z)° — (log,, ¥)* = 6 and
log,, * + log;, ¥ = 4,giving your answers to 3 significant figures.



2.2 Logarithms to base a

WORKED EXAMPLE 2.2

a Find the value of log, 64.

b Simplify log , (%)

Answer

o 3
a log, 64 = log, 4 Write 64 as a power of 4, 64 = 43

b 2 - 22
log, ( % 2) = log, (w ’ ) Write % as a power of .
T

5

EXERCISE 2B

1 Convert from exponential form to logarithmic form.

a 5% =125
b 26 =64
-3 _ 1
C 3 —2—7
-7 1
d 277" = 5=
e 3T =17
f ¥=5
g a®*=c
h 2% =0.5

Ify =a” thenx = log, y

log, a=1
log, 1=0
log, a® =z

aloga$:m

The conditions for log, = to be defined are:
ea>0anda#1
e x>0

2 Convert from logarithmic form to exponential form.

a log,32=5
b log; 243 =5
c log, 1=0

d logg 4= %
e log, 21—7 =-3
f log,y=26

g log,1=0

h log, 6 =2y



/) 4

Solve:

a log; (z+5) =2

b log, (3z—1)=5

c log, (7—2z)=0

Without using a calculator, find the value of:
log, %

log6 216

log; 25
logs 0.04

a0 o v

L]
—
=}
o
w
—~
w
B
~~

g log; (?
h logs (?
Simplify:

a log, z*

b log, vz
c log, (:c5 x)
d log, =

4
e log, (;—3>

f log, (Va?)
o s (2)

s\ 4
h log, (%)
Given that the function f is defined asf : z — 3+ logg (x +1) for z € R, z > —1,
find an expression for £ ! (z).
Solve:
a log,(log,z) =1

glﬁ—w 2

b log, =z

Find the value of y in each of the following.
log, 49 =2

log, y= -3

log; 81 =y

logyy y = -1

log, y = 2.5

logy 1296 = 4

log;_ y=2=8

log;_ 1024 =y

log, 27 = —6

= Q = 0o 60 - v

e



2.3 The laws of logarithms

WORKED EXAMPLE 2.3

Use the laws of logarithms to simplify these expressions.
a log;8 —log; 4+ 2logs 2

1g0.1
b 3 Ig 100

Answer

a log;8— logs4+ 2logs;2
= log, % + 2logs 2
= log; 2 + 2logs 2
= 3log; 2 (or log; 8)

b Ig0.1
21g 100
lg107!
2lg 10%
—lg 10
4lg 10
1

4

If  and y are both positive and @ > 0 and a # 1:
log, (zy) = log,z + log,y

]'Oga (%) = loga L= logay
log, ()" = mlog,z

log,, (%) = —log,x

EXERCISE 2C

logs 125

@ 1 Without using a calculator and by showing your working, simplify Sog. 35

O

log, 8

: 8
Be careful! is not 5 nor log,, 4

log,2
.. log,8 log, 2° 3log, 2 L
Write —22- as —e2= then —=:- which is 3.
log, 2 log, 2 log, 2

2 Find an equivalent form for each of the following expressions:
ai Tlogzrx—2logzx
ii 2log x+3 log x
b i (logz—1)(log y+3)
i (log z+2)°




log a+log b
log a log b

(log a)® -1
loga—1

Make x the subject of the following:
a i logsx=y
ii logy x =2y
b i log,z=1+y
ii log, z =1
c i log, 3y=3
ii log, y=2
ai y=2+Inz
ii hy=hax—-2

Write each of the following in terms of log p, log q and log r. The logarithms have base
10.

a log pgr

b log pg®r®

¢ log 100pr®
P

d log E

e log f—‘j

f log —
g logW

7
"

h log?Z 10q

10p0p
q

i log
Given b > 0, simplify each of the following:
a i log,b?

ii log, Vb
b i logb*

ii log, b —log, /b
Ifr = log a,y = log b and z = log c, express the following in terms of z, y and z:
a i logb’

ii log a’b

ii log (%)
c i log (%)
ii log (5b) + log (2¢?)
d i log a®— 2 log ab?
ii log (4b)+2 log (5ac)
Ifz =log a,y = log b and z = log c express the following in terms of x, y and z:
a log (a2b)

b log (1?/05“)




2.4 Solving logarithmic equations

WORKED EXAMPLE 2.4

Solve:
a log; (z—8)+log; x =2
b (logsz)® —9logsz+14 =0

Answer

a log; z(z—8) = 2

z(xr—8) = 32
22 -8z = 9
z2—-8z—-9 = 0
(z—9)(z+1) = 0
r=9orz = -1

logs (9 —8) +log; 9 = 2 is defined
logs 1+ logs 9 = 2 is defined
log; 9 = 2 is defined

So x = 9 is a solution, since both sides
of the equation are defined and
equivalent in value.

log; (—1—8)+log; (—1) =2 isnot
defined.

So x = —1 is not a solution of the
original equation.

Hence, the solutionis £ = 9.

b (log, ) —9 log; z+14 = 0
y?—9y+14 = 0
y-7-2) = 0

y = Tor?2

logs * = Torlog; = =2

z=23 orz =3
r=2187orxz =9

(logs 2187)° — 9 log; 2187 +14 =0
72 —9(7) + 14 = 0 is defined.

(logz 9)* — 9 logs 9+14 =0
22 —9(2) + 14 = 0 is defined.

x = 9 or x = 2187satisfy the original

equation. Hence, the solutions are
r=9orzxz = 2187

The multiplication law has been used.

Check whenx = 9.

Check whenz = —1.

Lety = log; z.

Factorise.

Check when z = 2187.

Check when z = 9.




Be careful!
log z+1log = = 2 log z = log z?
log = x log = (log :17)2

Solve the equation log;, (9 + 1) = 3.

Solve the equation logg /1 —x = %

Solve the equation 3 (1 +logz) = 6 + logz.
Find all values of z that satisfy (logs z)° = 4.

Solve the simultaneous equations:

Ul & W N e

log;  +logy; y =6 log; © —log; y = 2
6 Solve the following for x:
a i log, (%) =1
ii log, (7Tx+4) =05
b i logy z—log;(z—6)=1
ii logg = — 2 logg (%) =1
c i logy(z—7)+logg(x+1)=2
ii 2log(z—2)—log(z)=0
7 Find the value of z, for which 3log, = = log, 64.
8 Solve the equation log (3z +6) =log (3) +1.
9 Solve the equationlog (z+5) —1=1log (z —1).
10 Solve the equation log, (z +2) = 3 —log, .



2.5 Solving exponential equations

WORKED EXAMPLE 2.5

a 54x—1 — 7w+2

b 2(2*)-11(2*)+5=0
Answer

a 543:71 _ 7:v+2

549071 7x+2

log log

(4z—1) log 5= (z+2) log 7

4z log 5— log b = xlog 7+2log 7
4z log 5—xz log 7 = 2log 7+ log 5
z(4log5— log7) = 2log 7+ logh

2 log 7+ log 5
4log 5— log 7

x = 1.22to 3significant figures
b 2(2%)-11(2")+5=0
292 —11y+5 = 0

(2y-1)(y—5) =0
y=0bory=5

Wheny = 0.5
2* = 0.5
xlog2 = log 0.5
_ log 0.5
o= log 2
zr = —1
When y = 5
2* =5

xlog2 = logh

log 5
log 2
r = 2.321....
Hence, the solutions are £ = —1 and

x = 2.32 to 3 significant figures.

Solve, giving your answers correct to 3 significant figures:

Take logs to base 10 of both
sides.

Use the power rule.

Expand the brackets.

Rearrange to find x.

Use the substitution y = 2.

Factorise.

Take logs of both sides.

Take logs of both sides.

EXERCISE 2E

1 Solve for z, giving your answers correct to 3 significant figures.

a i 3x4*=90




ii 1000 x 1.02% = 10 000
b i 6x7°1=12

i 5x2%° =094
c i 3% =41

ii 5% =671
d i 3x2% =7x3%2

ii 4x8 ! =3xp2t

54e+3 — 98, giving your answer correct to 3 significant figures.

Solve the equation
Find the exact solution of the equation 4 x 375 = 1.

Find the exact solution of the equation 10 = 5 x 23%, giving your answer in the form

_ logp .
T= g where p, q and r are integers.
. 3e—1 _ g2—z . . . _ loga
Solve the equation 2 =5 giving your answer in the form x = Tog b where a and

b are integers.
Find the exact solution(s) of each equation.
ai 4°-5x2°4+6=0
ii 9°-6x3"+8=0
b i 9°-8x3"=9
ii 25 -5 =6
c i 25" —15x5°+50=0
ii 4 —-7Tx2"+12=0
d i logy z= (log4 :1;2)2
ii (logy ) —31logg z+2=0
Find exact solutions of the equation 4 — 10 x 2% +16 = 0.



2.6 Solving exponential inequalities

WORKED EXAMPLE 2.6

Solve the inequality 3 x 23**! > 7 giving your answer in terms of base 10 logarithms.
Answer
3z+1
3 x 2977 > 7 Divide both sides by 3.
3 7
25+ > £y Take log to base 10 of both sides and use
the power rule.
7
(3z +1) log 2 > log 3 Expand brackets.
(3 log 2)x + log 2 > log % Rearrange.
. log 3 — log 2 Simplify.
3 log 2
log (7;_
z > log 8

1 Solve the following inequalities, giving your answers correct to 3 significant figures if
not exact.

3* > 8

57 < 10

722+5 < 24

0.5 < 0.001

0.4” < 0.0004
0.2 > 25

4% x 437 L1024
0.822+5 >4

i 0.8173% >10

2 A radioactive isotope decays so that after ¢ days an amount 0.82¢ units remains. How
many days does it take for the amount to fall to less than 0.15 units?

@ 3 A biological culture contains 500 000 bacteria at 12 noon on Monday. The culture
increases by 10% every hour. At what time will the culture exceed 4 million bacteria?

= Q = 0o a o6 T e

log %

0 4 Prove that the solution to the inequality 237" x 3! < 4isx < - —
og T



2.7 Natural logarithms

WORKED EXAMPLE 2.7

Solve 0.5°% < 12 giving your answer to 3 significant figures.

Answer

3
0.5 < 12 Take logs to base 10 of both sides and use

the power rule.

(3+z) log 0.5 < log 12 Expand brackets.

3 log 0.5+ zlog 0.5 < log 12 Rearrange.

log 12—3 log 0.5
log 0.5

x > —6.58 (3 significant figures)

Be careful! Since log 0.5 is negative, the inequality sign
needs to be reversed when dividing.

EXERCISE 2G

1 Use a calculator to evaluate correct to 3 significant figures:

a

b
c
d

0 TIP

Ify=e” thenz =1n y
In y can be written as log, y.

2 Use a calculator to evaluate correct to 3 significant figures:
a Inl
b In 0.5
¢ In(-1)
d In0.1
@ 3 Without using a calculator, find the value of:

2
a e]:(12



c 3elnd
d e71n4%
4 Solve:
a er? =1
b Ine* =1
c e2lnz — 16
d elnz —9
5 Solve, giving your answers correct to 3 significant figures.
a e =1
b e’ =16
c et =10
d e 3 =23

6 Solve, giving your answers in terms of natural logarithms.
a e* =11
b e =7
c e l=38
d ez®t3 — 9
7 Solve, giving your answers in terms of natural logarithms.
a e >9
b e¥2 <3
c 2xe¥t? <1
8 Solve, giving your answers correct to 3 significant figures.
a Inz=2
b Inx=-2
¢ In(z—-3)=8
d n(3z+1)=-1
9 Solve, giving your answers correct to 3 significant figures.
ln(4—x2) = Inz
In(z+4)— Inz=1In(3z+1)
3ln(z+1)=—In(2z—-1)
In(z+1)= nz+21n3
In(z+3)— nz=4
f ln(1+m2):1+2lnm

10 Express y in terms of x for each of these equations.

e & 60 T 9

a my=-05—-5nz
b nhy=07+2lnzc
11 Solve, giving your answers correct in exact form.
a e —16e” +15=10
b e —6e” +8=0
c e —6e"+5=0
d 6el " = 24¢”
12 Solve the following pairs of simultaneous equations.
a In(z+3) = 2y+1

e = -2



b 8y:42w+3
Iny—Inx=4



2.8 Transforming a relationship to linear form

WORKED EXAMPLE 2.8

Convert

Answer

Inl-Iny = Ina®+Ine

3

% = a’e” %, where a is a constant, into the form'Y = mX + c.

a*e” " Take natural logarithms of both sides.

nl = ln(a3e T)

T

—lny = 3lna—=

Now comparelny = x — 3 IlnawithY =
Iny = 2—3lna mX + c.

@ = @ — 3lna

T T

Y = m X -+ c
So, Y = mX + ¢, where
Y=hy X=nz¢,
m=1andc=-31na

1 Given that a and b are constants, use logarithms to change each of these non-linear
equations into the form Y = mX + c. State what the variables X and Y and the
constants m and c represent. (Note: there may be more than one method to do this.)

a
b

=0 Q 0

y =d+ cx?
y=a-+byz
y:aa:—l—“—;
y = pzt?
eV = kb”®

keV = z2 — bz

2 The variables  and y satisfy the equation y = ka"™, where k and n are constants. The
graph of In y against In z is a straight line passing through the points (0.48, 0.21) and
(0.70, 1.10) as shown in the diagram. Find the value of k and the value of n correct to 2
significant figures.

In y
»

(0.70, 1.10)

(0.48,0.21)

» |n x

o

3 The variables x and y satisfy the equation y = ka®, where k is a constant. The graph of
In y against z is a straight line passing through the points (2, 1.91) and (8, 1.72) as




shown in the diagram. Find the value of k and the value of a correct to 2 significant
figures.

In y
A
(2, 1.91)
(8, 1.72)
> X
o
The table shows experimental values of the variables  and y.

T 0.4 0.9 1.2 2.3 3.8
Y 8.35 13.47 17.94 51.32 215.20

a By plotting a suitable straight line graph, show that  and y are related by the
equation y = a X b”, where a and b are constants.

b Use your graph to estimate the value of a and the value of b correct to 2 significant
figures.

kx

The data below fits a law of the form y = ae™, where a and k are constants. The table

below shows experimental values of y and .

Y 0.285 0.841 5.21 173.2 1181
T 5.3 9.8 17.4 32.0 40.0

By drawing a graph of In y against x, estimate the value of @ and k, giving your
answers to 2 significant figures.

The figure shows part of a straight line drawn to represent the equation zy = ax® +b.
xy
A

(11, 6)

(1,2)

(0]

Find the values of a and b.

The variables p and q are related by an equation of the form ¢ = kp?, where k and z are
constants. The diagram shows the graph of In q against In p. The graph is a straight
line, and it passes through the points A (1.61, 2.82) and B(3.22, 3.62). Find the values
of k and z, giving the answers correct to 1 decimal place.

In g
A

» In p

0

8 The variables  and y are related by the equation 2Y = 31" Show that the graph of y



against x is a straight line, and state the values of the gradient and the intercept on the
y-axis.

A student is investigating the number of friends people have on a large social
networking site. He collects some data on the percentage (P) of people who have n
friends and plots the graph shown here.

P
A

4.5

4 L ]

35

3

2.5 1

2 4

1.5

1

0.5

4 * >
0 ZIO 40 60 8O I{I)O 120 140 160 "
The student proposes two possible models for the relationship between n and P.
Model 1: P = ak™
Model 2: P = an~*

To check which model is a better fit, he plots the graph of y against x, where
y= log Pand x = log n.

The graph is approximately a straight line with equation y = 1.2 — 2.6x.
a Is Model 1 or Model 2 a better fit for the data? Explain your answer.
b Find the values of a and k.



END-OF-CHAPTER REVIEW EXERCISE 2

1 Solve the equation log (2% +1) =1+ 2 log (z).

For any base a > 0,
log, a =1andlog, 1 =0

Solve the equation 2¢** — 9e” + 4 = 0 giving your answers in the form k In 2.
Solve the equation 527! — 14 x 5 — 3 = 0.

4 a Sketch the graphs of y = 2In(z) andy = In(z + 3) on the same graph.
b Find the exact solution of the equation 21In (z) = In(z + 3).

G 5 If3% x 42271 — 6**2 show that z = E g .

Solve the simultaneous equations:
Inz+1lny? =8
Inz? +Iny =6
7 Ify= Inz— In(z+2)+ In(4—a?%), express z in terms of y.
8 Find the values of 2 for which (log; z)* = log; z* — 2.
9 Solve the inequality 2 x 33! < 8.
10 Given f(z) = 1 + *3
a find the inverse function f * ()
b state the geometrical relationship between the graph of f(z) and f~ ! (z).

11 The graph of y = €?* — 3 can be obtained from the graph of y = e* using two
transformations. Describe these transformations.



Trigonometry

B Understand the relationship of the secant, cosecant and cotangent functions to cosine, sine
and tangent, and use properties and graphs of all six trigonometric functions for angles of
any magnitude.

B Use trigonometrical identities for the simplification and exact evaluation of expressions and

in the course of solving equations, and select an identity or identities appropriate to the
context, showing familiarity in particular with the use of:

1 sec2 § =1+ tan? 0 and cosec?d = 1+ cot? 6

[] the expansion of sin (A + B), cos (A+ B) andtan (A+ B)
[] the formulae for sin 24, cos 24 andtan 24

[] the expression of @ sin 6+ b cos 6 in the forms R sin (#+«a) and R cos (0 +a).



3.1 The cosecant, secant and cotangent ratios

WORKED EXAMPLE 3.1

Answer

5(cosec2w — 1) — 2cosecx + 2

5cosec?z — 5 — 2cosecx + 2

5cosec?z — 2cosecx — 3
% - ,-2 -3
sin“x ST

3 sin’z + 2sinz — 5
(3sinz + 5)(sinz — 1)
sinx = —%or sinzx
5
3
sinx=1=2z = %

sinx = —

o o o o

The only solution in the range is © =

M E]

Solve 5cot?z — 2cosecz +2 = 0 for 0 < z < 2.

Use 1 + cot? z = cosec? z.

At this stage you could factorise, but it

may be easier to turn your equation into
one with sin  since most calculators do
not have cosec  programmed into them.

Factorise.

No solutions.

1 Find, giving your answers to 3 decimal places:

a cot 304°
b sec (—48)°
¢ cosec 62°
2 Simplify the following.
a sec (% ™— :B)

COS T
sin x

sec (—z)
1+ tan? z
cot (m+x)

cosec (m+ )

=2

=0 0

3 Find the exact values of:

1
a SGCZT('

b cosec % s

c cot %71'

d cosec (— %71')

e cot (—%7‘[‘)

f sec 1?3 T

11
g cot (— 5 7r)
h sec =7

6




4 Given thatsin A = % where A is acute, and cos B = — % where B is obtuse, find the

exact values of:
a sec A
b cot A
c cot B
d cosec B
5 Given that cosec C =7, sin? D = % and tan?> E = 4, find the possible values of
cot C, sec D and cosec E, giving your answers in exact form.
6 Simplify the following.
a \/sec? d—1
tan ¢
1+tan? ¢
tan ¢
sec? ¢—1
d —L
vV 14cot? ¢

f (cosec ¢ —1)(cosec ¢+ 1)
7 a Express3 tan? 6 — sec 6 in terms of sec .
b Hence solve the equation 3 tan? ¢ —sec ¢ = 1 for 0 < ¢ < 2.

8 Use an algebraic method to find the solution for 0 < < 27 to the equation
5 cot = +2 cosec’z = 5.

9 Find, in exact form, all the roots of the equation 2 sin’t + cosec? t = 3 which lie
between 0 and 2.

Q 10 Prove that cosec A + cot A = m provided that cosec A # cot A.

sec —1 _ tan @ :
0 11 Prove that === = —#5= provided that tan 6 7 0.




3.2 Compound angle formulae

WORKED EXAMPLE 3.2

Find the value of tan z given thatsin (z+30°) —2 cos (z —30°) =0.
Answer
sin(z +30°) —2cos(z —30°) = 0  yse the
sinz cos 30° + cosz sin 30° — 2(cosz cos 30° +sinzsin 30°) = (  addition
) ) ) ) ) ] ) . formulae.
sinz cos 30" + coszsin 30" —2 cosxcos 30" —2 sinzsin 307 =
sin  cos 30" — 2 sin x sin 30° = 2 cos = cos 30" — cos x sin 30° Move all
sin z(cos 30° — 2 sin 30°) = cos z(2 cos 30" —sin 307) S T
terms to
sinz __(2cos30"—sin 307) the left
cosz  (cos 30°—2 sin 30°) and all
AN Cos T
2(7)’; terms to
tanx = —F—— the right
523 of the
2/3-1 equation.
tanx = N Ehin '
_ actorise.
tanz = —3v3—-4
Divide by
cos .

EXERCISE 3B

1 Express the following in the form A sin z + B cos x, giving exact values of A and B.
: s
a Ssin (m + 3)

b sin

cos
d cos
Remember: the notation sin®> & means (sin z)°. This is
not the same as sin (a:z)
2 Given thatcos A = % and cos B = ;—g, where A and B are acute, find the exact values
of:
a tan A
b sin B
¢ cos (A—B)
d tan (A+ B)

3 Given thatsin A = 2 and cos B = g—g, where A is obtuse and B is acute, find the exact
values of cos (A + B) and cot (A — B).

@ 4 Provethatcos (A+B)—cos (A— B) = —2sin Asin B.
5 a Expresstan (0 —

%) in terms of tan 0.



b Given that tan (9 — %) = 6 tan 0, find two possible values of tan 6.

¢ Hence solve the equation tan (0 - %) =6tan 0 for0 < 6 < 7.

6 a Showthatsin (A+ B)+sin (A— B) =2 sin A cos B.

b Hence solve the equation sin (1: + %) + sin (1: — 1) =3cosx for0 <z <.

6
Q 7 Prove that tan 15° = 2 — /3
Solve the equation 2 sin (30° + ) + 2 cos (60° +z) = /3 for —180° < = < 180°.
@ 9 Prove the following identities:
a sin (z+90°) =cos z
b sin (A+ B) sin (A— B) =sin* A —sin’ B

sin (A+B) 1= (1+tan B)(1+cot A)
cos (A—B) B cot A+tan B

10 Given that tan (A + B) = 5 and tan B = 2, find the value of tan A.




3.3 Double angle formulae

WORKED EXAMPLE 3.3

a Solve the equation 2 sin 22 = sin = for 0 < x < 360° . (Give your answers to 3
significant figures if not exact.)

sin 20
b Prove that ; oo 28 = tan 6.
Answer
a 2sin2r = sinz Use the identity
4sinrcosxr = sinzx sin 2A = 2 sin A cos A.
4sinxcosx—sinz = 0 )
) Factorise.
sinz(4cosz—1) = 0
sinx = 0

z = 07,1807, 360°
4cosx—1 = 0
cosx = 0.25

xr = 75.5°,284°
Solutions are
0°,75.5%,1807,284°,360°

in20 _  2sin 6 cosd . )
b = e Start with the left hand side.
_ 2sinfcosd . .
= S Use sin 24 = 2 sin A cos A
_ sind andcos 24 =2 cos? A—1
—  cos @
= tan 6

There are three identities for cos 26 which you could have

used but only cos 26 = 2 cos? 6 — 1 results in a single term
in the denominator.

EXERCISE 3C

1 a i Giventhatcos 0= — %, find the exact value of cos 26.
ii Given thatsin A = — % find the exact value of cos 2A4.
b i Giventhatsin z = % and 0 < z < % find the exact value of cos .

ii Given thatsinz = % and 0 < z < % find the exact value of cos x.

¢ i Giventhatsin z = % and0 < xz < g find the exact value of sin 2x.

ii Given thatsinz = % and 0 <z < g find the exact value of sin 2.

2 Simplify using a double angle identity:
a 2cos? (34)—1
b 4 sin 5z cos bz

¢ 3—6sin? (g)



(o] <)

d 5sin (%) cos (%)
Use double angle identities to solve the following equations.
a sin2z=3sinz for 0 <z < 27

b cos 2z —sin?z = —2 for 0° < z < 180°

¢ 5sin2x=3cosx for —m<x <7

d tan 2z —tan z =0 for 0° < = < 360°

Prove these identities:
a (sinz+cosz)® =1+sin 2z
b cos* 6 —sin? 0 = cos 260

¢ tan 24 —tan A = tand

cos 2A
1 2
d tan tan o tan 2o

If tan 24 = 1, find the possible values of tan A. Hence state the exact value of
tan 22 % °.

Ifsin A = % and A is obtuse, find the exact values of cos A4, sin 24 and tan 2A.

Prove that 4 sin (:1:+%7r) sin (1: — % 7r) =3—4cos? z.
a Show that:

i cos® (2z) =1(1+4cosx)

ii sin® (£z) = 1(1—cosz)
b Express tan® (% a:) in terms of cos .

Solve these equations for values of A between 0 and 27 inclusive. Give your answers to
3 significant figures if not exact.

a cos24+3+4cos A=0
b 2cos24A+1+sin A=0
c tan24A+5tan A =0

10 The polynomial f () is defined by f(z) = 92> — 7z — 2.

a Use the factor theorem to show that (3z + 1) is a factor of f (z).
b Hence express f(z) as a product of three linear factors.

c i Show that the equation 9 cos 20 sin @ + 5 sin # + 4 = 0 can be written as
9z% — 7z — 2 = 0, where = = sin .

ii Hence find all solutions of the equation 2 cos 20 sin 0 + 9 sin 8 + 3 = 0 in the
interval 0° < @ < 360°, giving your solutions to the nearest degree.



3.4 Further trigonometric identities

WORKED EXAMPLE 3.4

Prove that cosecx + cot © = cot % T.

Answer
cosecr +cotx = . cos : q S
= Sn2 T Write eveI.'ythmg on th.e left hand side in
1+ cosz terms of sines and cosines.
o sin x
5 1 9 crs _
1+ (2 cos? g — 1) Use the identities cos 24 =
J— 2
PO 2 cos? A—1
Sy cosye and sin 24 = 2 sin A cos A.
2 cos? i:1:

2

1 T
2 sin —x cos —x
2 2

1
COS —
2

1
sin Lo Proven.
2

1
cotiz

As cos 24 = 2cos?2 A—1

Socos A = 2 cos? %A -1
Assin24 = 2sin Acos A
Sosin A = 2sin %A cos %A etc.

1—cos 20 — 2
1 Show that Trcos 20 — tan 0.

2 a Given thattan a tan 2a = 6, find the possible values of tan a.

b Solve the equation tan a tan 2a = 1 for 0 < a < 7, giving your answer in terms of
.

3 a Expresscos 34 in terms of cos A.
b Express tan 34 in terms of tan A.
4 Express cos 46 in terms of:
a cos 6

b sin 0

2

Given thata sin 4z = b sin 2z and 0 < z < % express sin® x in terms of a and b.

Prove that cosec 2z = w

2
Prove that cot 2z = <et2_1
2 cot x

g

© 0O

8 a Show thatsin 3z = 3 sin « — 4 sin®

x.
b Hence, solve the equation 1 —sin 3z =2 sin = (2 sin z — 1) for0° < z < 360°.

9 a Show thatcos 3z = 4 cos®z — 3 cos z.



b Hence, solve the equation 1 + cos 3z = cos  (1+cos x) for0° < = < 360°.
Q 10 Prove each of the following identities.

a cot A—tan A =2 cot 24

p SnA _ cosd _ 2sin (A-B)

sin B cos B sin 2B
c s A sinAd _ 2 cos (A+B)
sin B cos B sin 2B

sin 24 __
d l—cos 24 — cot A



3.5 Expressing a sin 0 + b cos 6 in the form R sin (§ £ a) or R cos (6 + a)

WORKED EXAMPLE 3.5

Given the function f(6) =

a its minimum value

b its maximum value.

3+5

Answer

a sinf — 2 cos =
c.sinf—2cosf =
Rcosa =
Rsina =
tana =
12+2° =
c.sin@—2cos 6

£(0)

£(0)

. 0—-63.4°

0

f0) = 1

f(e) =

1 find:

3+ sin8—2cos 0 ’

R sin (6 — )
R sinf cos o — R cosf sin «
1 (1)

2. (2)
2= a=63.4"
R2=R=+}§

= +/bsin (—63.47)

o 1

" 3+sin #—2 cos 0

_ 1
3++/5sin (/—63.4")
90°
153.4°

3++/5sin(6—63.4°)

The minimum value of

0 =333.4°

— 1 i 1
f(e) " 3+sinf-2 cosf 15 3++/5 when
0 = 153.4°
- 1
b f0) = smme e
-.0-63.4° = 270°
0 = 333.4°
- 1
f(e) T 3+/5sin(A—63.47)
o 1
fo) = 3—5
The maximum value of
_ 1 is —1
f(e) " 3+4sin -2 cos 0 s 3—/5 when

Equate the coefficients of
sin 6.

Equate the coefficients of
cos 6.

(2)+ (1)

Square equations (1) and (2)
and then add them.

The minimum value of () is
when the denominator is the
maximum value.

This occurs when
sin (0 — 63.4°) = 1,

The maximum value of f (6) is
when the denominator is the
minimum value.

This occurs when

sin(f —63.4") = —1

EXERCISE 3E

1 Express in the form 7 sin (0 — a) where r > 0 and 0°

a 2sin -2 cos 6

<a<90°:




D 8

b sin 6§ — /3 cos 6
Express in the form 7 cos (z + ) wherer > 0 and 0 < 6 < Z:

V6cos T —+/2sin x

Hcosx — Hsinx

Express v/3sin z + cos z in the form R cos (z — ).

=2~ B =

Hence find the coordinates of the minimum and maximum points on the graph of
Y= V3sin z +cos z for0 < z < 27

Find, to 3 significant figures, all values of & in the interval 0 < & < 27 for which

2 sin x —cos x = 2.

Express 5 cos 0+ 6 sin 6 in the form R cos (6 — 3) where R > 0 and0 < 8 < %7‘&'.
State:

a the maximum value of 5 cos 6 + 6 sin # and the least positive value of 8 which gives
this maximum

b the minimum value of 5 cos 8 + 6 sin # and the least positive value of 8 which gives
this minimum.

Express 8 sin z + 6 cos z in the form R sin (z + ¢), where R > 0 and

0° < ¢ < 90°. Deduce the number of roots for 0° < & < 180° of the following

equations.

a 8sinx+6cosax=5

b 8sin z+6 cos x =12

Find the greatest and least values of each of the following expressions, and state,
correct to one decimal place, the smallest non-negative value for which this occurs,
given that 0° < = < 360°.

a 2cos x+sinx

b 7T+3sinxz—4cos x

1
sin x+cos z+2

d 3
16+5 cos z—12 sin z

By expressing sin 2z + cos 2z in the form R sin (2z + a), solve the equation
sin 2x +cos 2z =1 for—m < x < .

9 a Express/bsin z ++/7cos z in the form R sin (z + a), where 0 < a < - Give

the value of a correct to three decimal places.

48
2—(+/5 sin z++/7 cos z)

b Hence find the minimum value of

a+bV3.

. Give your answer in the form

10 a Show that the equation 2 sec 8 — tan # = 3 can be expressed in the form

R cos (0 — a) = 2, where the values of R and « are to be found and 0° < o < 90°.

b Hence solve the equation 2 sec § — tan 8 = 3, giving all values of # such that
0" <a<360°.



END-OF-CHAPTER REVIEW EXERCISE 3

1 Find the exact solution of the following equations for —m < 6 < 7.

10

11

a i cosecf= -2
ii cosecd = —1
b i cotf=+3
ii cot =1
c i sechf=1
ii sec 0 = — %
di cotf=0
ii cot §=-1
Prove that 1??050 - 1??039 - = 2 cot 0.
a Giventhatsec? z—3 tan £ +1 =0, show thattan? z —3 tan z+2=0.
b Find the possible values of tan .
¢ Hence solve the equation sec2 £ —3 tan £+1 =0 for 0 < = < 27.
a Express 5 sin  + 12 cos z in the form R sin (z +6).
b Hence give details of two successive transformations which transform the graph of
y = sin z into the graph of y = 5 sin = + 12 cos z.
a Express 3 sin # — 7 cos z in the form R sin (z — 0).
b Hence find the range of the function f(z) = 3 sin  — 7 cos x.

Write each of the following as a single trigonometric function, and hence find the
maximum value of each expression, and the smallest positive value of « for which it

occurs.
a sin x cos % + cos x sin %

b 2 cos x cos 25° + 2 sin z sin 25°

a Show that cos (z+y)+cos (z —y) =2 cos x cos y.

b Hence solve the equation cos 3x + cos £ = 3 cos 2z for0 < z < 27.

a Find the value of tan™! /3 +tan! (— \}3) .

b Ifz=tan ! Aandy = tan! B, find tan (A + B) in terms of z and y.

If A =sin"! z, where z > 0:

a
b
a

b

show that cos A = /1 — 2

find expressions in terms of = for cosec A and cos 2A.

Write cos (:1: + %) in the form a cos  + b sin z for —27 < z < 27.

Hence find the exact values of x for which cos (a: + %) = COoS (zc — %) .

A water wave has the profile shown in the graph, where y represents the height of the
wave in metres, and x is the horizontal distance, also in metres.



¥ (m)

3 P (M)

a Given that the equation of the wave can be written as y; = a cos ( px), find the
values of @ and p.

b A second wave has the profile given by the equation y» = 0.9 sin (2—” a:) . Write

3
down the amplitude and the period of the second wave.

When the two waves combine, a new wave is formed with the profile given by
Y=Yty

c Write the equation for y in the form R sin (kz + «) for a suitable value of «, where
R>0and0 <a< .

State the amplitude and the period of the combined wave.

e Find the smallest positive value of « for which the height of the combined wave is
Zero.

f Find the first two positive values of  for which the height of the combined wave is
1.3m.

12 a Show that the equation 3 cosec? @ + 5 cot 8 = 5 can be written in the form
a cot? @+ b cot 6+ c = 0. State the values of the constants a,b and c.

b Hence solve the equation 3 cosec?d +5 cot § = 5 for 0° < # < 360°, giving your
answers to the nearest degree.



Differentiation

B Differentiate products and quotients.

M Use the derivatives of €”, In «, sin x, cos z, tan x, together with constant multiples, sums,
differences and composites.

M Find and use the first derivative of a function which is defined parametrically or implicitly.



4.1 The product rule

O

Use the product rule:

%(uv)z u % +v

du
dz

If w and v are functions of x and if y = uv, then:

WORKED EXAMPLE 4.1

f(z) = z%(22% — 5)°
Answer

a  f(z) = 2?(222 - 5)°

first

differentiate second

second

(.

chainrule
= 1223(22% — 5)° + 22(222 — 5)°
= 22(22% - 5)° [62 + (222 — 5)]
f (z) = 2z(22% — 5)° (822 — 5)

b () =2¢(222 - 5)2(8;[:2 —5)
£(1) =2(1)(2(1)* = 5) (8(1)" - 5)

(1) = 54
£(1) = (1)*(2(1)* - 5)°
f(1) = —27
—27 = 54(1) +c
c = —81

The equation of the tangent is y = 54x — 81.

f(@) = 22 (202 = 5)°) + (207 = 5)° L)

~——

differentiate

first

= 22 [3(21;2 - 5)2(4x)] + (222 — 5)° (22)

a Find f'(z) when f(z) = z2(2z% — 5)°, writing your answer in a fully factorised form.
b Hence find the equation of the tangent at the point where x = 1 on the curve

This is a product, so use the
product rule.

Use the chain rule for
differentiating (2z2 — 5)3.

Factorise.

Simplify.

Substitute = 1 into the
gradient function.

Having substituted £ = 1 into
the original function.

Having used y = mz + ¢,
z=1y=—-27,m = 54.

EXERCISE 4A

1 Find f () and fully factorise each answer.




a i fz)=(z+1)"x-2)°
ii f(z)
)

b i fz)=(2z-1)'1-32)°

(z—3)"(z+5)*

i f(z)=(1-z)4z+1)°

Differentiate the following:

a zvr+1

223 —z

c z2/3 -4z

d (1-3z)y/2z+5

e (3z+5)°Vz—2

£ z(5z—4)°

Find the equation of the tangent to the curve y = z2(z + 1)" at the point (1, 16).

Find the coordinates of the stationary point on the curve y = x+/2x + 3.
A rectangle is drawn inside a semicircle of radius 6 cm as in the diagram.

=g

6 cm

0

Given that the width of the rectangle is £ ¢m, show that the area of the rectangle is

221/36 — 2. Calculate the maximum value for this area and the value of x for which
it occurs.

Find the exact values of the z-coordinates of the stationary points on the curve
5 3
y=Bz+1)°3—x)".

The volume, V, of a solid is given by the equation V = 224/8 — x. Use calculus to find
the maximum value of V and the value of  at which it occurs.

b
Given that f(z) = z2y/1 + z show that f'(z) = % where a and b are constants to

be found.

@ 9 a Ifa < bandp and q are positive integers, find the x-coordinate of the stationary

point of the curve y = (z — a)”(z — b)? in the domaina < z < b.
b Sketch the graph in the case whenp = 2 and ¢ = 3.

¢ By considering the graph, or otherwise, identify a condition involving p and/or q to
determine when this stationary point is a local minimum.

10 The equation of a curve is y = sin z sin 2z.

a Show that % may be written in the form 2 sin z(3cos?z — 1).

b Hence show that the value of y at any stationary point on the curve is either O or

4
ig_\/g'



4.2 The quotient rule

WORKED EXAMPLE 4.2

. o (3z+1)°
Find the derivative of y = .
V2z—1
Answer
(3z+1)°
T V21
differentiate differentiate
denominator M\ numerator denominator
d 3 3 d
dy V%1 xa[(3x+1) }—(3w+1) x L [vzz]
de (vVZz—I)°

denominator squared

1
(VZ2=T) [3(32+1)*(3)| - (32+1)° [5(2%1) 2 (z)]
- 2z—1
2+1)3
B 9(3:84—1)2«/29:—1—% Multiply numerator and
- 271 denominator by v/ 2z — 1.
9(3z+1)%(22—1)—(3z+1)*

= Factorise the numerator.

(22-1)v22—1

(32+1)%[9(22—1)—(32+1)]
(2z-1)%

5(3z+1)%(3z—2)
(2z—1) %

Use the quotient rule: If u and v are functions of x and if y = —,
v
then:

EXERCISE 4B

1 Differentiate the following using the quotient rule:

. _ xz—1
al ¥y=x
. _ zt2
11 y == —$_3
. V2z+1
b 1 y = T
2
s _ =z
nm y= __:1:—1
. _ 1-2z
¢c 1l y= z242

. 4
ny= 14z



A question such as: ‘Differentiate y = ( 22 with respect

z+3)?
to x’ can be approached using the quotient rule or written

as y = 2z(x + 3) 2 and the product rule then used.

2 Differentiate with respect to x

T

a z+1
—b
b T
V3z+2
c
2z
3 Find the coordinates of the stationary points on the graph of y = 2;_1 .
The graph of y = 7= has gradient 1 at the point (a,0) and a #— 2. Find the value of a.
5 Find the equation of the normal to the curve y = f(i :é) at the point on the curve where
T =2.
2
6 Find the turning points of the curve y = 2’;:;12 .

7 a Iff(z) = 232 find f (z).

b Find the values of z for which f(z) is decreasing.

8 Find the range of values of « for which the function f(z) = % is increasing.
. o g? dy z(az+b) .
9 Given thaty = T show that T = 2@y stating clearly the value of the constants

a, b and p.

Q 10 Show that if the curve y = f(x) has a maximum stationary point at # = a then the curve

Yy = —L_ has a minimum stationary point at £ = a as long as f(a) #0.

f(z)



4.3 Derivatives of exponential functions

WORKED EXAMPLE 4.3

Differentiate with respect to x

a —3 efﬁ
b 3ze’®
c (¥ - a)
Answer
a T —3x ;_

e’ 2

- /T
3zeV®

_3eVT SreV
3evVi4 NG
2V

—64/zeV® +3zeV®
2,/ze?V®

—3,/zeV® (2—/T)
2\/Ee2VI

3(,/7-2)

2eV?

b %(Sxew) = 3z X %(ew) + &2 x %(31’)
= 3z x (4ze®™) + e x (3)
= 1222%** 4 3e*
= 3¢ (422 +1)

— %(e“ — 2e*\/z+ x)

L

= 4e'® — (4629” VZ+2e* x tx” 2) +1

= 4e*® — 4e™ /T + 2™ x %w’% +1

CZ,T,

R

= 4e* — 4e*/z —

Use the quotient rule or the product
rule.

Quotient rule (plus the chain rule
1
d z2
for = \© ).
Rewrite.

Be careful! eV® x eV? = 2V®

Multiply top and bottom by 24/z.

Be careful! e2V? +eVZ — V7

Use the product rule.

Expand brackets (or alternatively
use the chain rule*).

Use the product rule.

Simplify.

*Note: The alternative method of using the chain rule (not involving expanding the brackets) gives




1
2vz
required to be found or if the brackets were raised to a higher power.

the answer 2 (2e?% — ) (62”“' - ﬁ) . This would be a preferred method if stationary points were

1 Differentiate with respect to z.

a eScc
b 3e%
c 4eV®

= Q = 0 Q
a@
o
HN
+
—

(2 4 e27)?

. 1
1 er+2
j \/ 1—3e*
k (1+e)
1 ev1—4x

2_213 T
m lJreIe

eSz
n 2ev®

[eaw+b] az+b

= ae

d
Py
L @] = £(z) x ef®)

2 The graph of y = ze % has a stationary point when x = % Find the value of k.
3 Sketch the graph of y = z2e”, indicating clearly the coordinates of any stationary points
on the curve and of any points where the curve cuts the axes.

4 a Find the equations of the tangents to the curve y = ze® at the points x = 1 and
x=-—1.

b Find the z-coordinate of the intersection of these two tangents, writing your answer
as an exact value.

Find the value of  where the gradient of f(z) = 5 — 2e” is —6.
Find the equation of the tangent to the curve y = e® 4 x which is parallel to y = 3z.
Find the range of the function fiz — e* — 4z + 2.

[=-IERN ) ) |

Differentiate y = (3> — x + 2)e*®, giving your answer in the form P(z)e*® where P(zx)
is a polynomial.

9 Find the z-coordinates of the stationary points on the curve y = (2z + 1)5e_2”’ .

—0.004¢

@ 10 A radioactive isotope is decaying according to the formula m = 600 + 80e where

m is the mass in grams and t is the time in years from the first observation.
a Find the value of { when m = 630.

b Find the rate at which the isotope will be decreasing when ¢ = 120. Give your
answer to 3 significant figures.



11 A circular oil patch has an area 4 m? where A = 2e%% and ¢ is the time in minutes
after the first observation.

a Find the rate at which the oil patch is increasing per minute when £ = 3 minutes.

b Find how long (to the nearest minute) after the first observation the oil patch will
reach an area of 65 m?2.

12 Find the equation of the normal to the curve y = 3e” at the point £ = In 3. Give your
answer in the form « + ky = p + In ¢ where k, p and q are integers.



4.4 Derivatives of natural logarithmic functions

WORKED EXAMPLE 4.4

Differentiate with respect to x.
a 3z2In (1-4x)

In 3z
(z+2)°

Answer

a % [3:1: ?In (1- 4“")} Use the product rule.
= 3z% x %ln (1—-4z)+1n (1 —4z) x %(3:1:2)
= 3z% x %—i—ln (1 —4x) x 6z

$2
= _1124:,: +6z1n (1 —4x)

_ 1222
= 7 t6zln (1 - 4z)

b d ( In 3503 ) Use the quotient rule.
dz \ (z+2)
(@+2)° x < (In 32)~1In 3zx = ((2+2)*)
(@+2)")’
(z+2)* x % ~In 3zx3(z+2)"
(z+2)°
(z+2)* —3z(2+2)* In 3z
z(z+2)°
(z+2)% (z+2—3z In 3z)
z(z42)°
__ (z+2-3zIn 3z)
o z(z+2)"

EXERCISE 4D

1 Differentiate each of the following functions with respect to x.
a In 2z

In(2z — 1)

In(1 — 2z)

In z?

In(a + bx)

In L
xr

1
3z+1
2z+1
3z—1
3In z2

In(z(z+1))

In

= aQ = 0 a o T

In

e

i



10 Find the exact value of the gradient of the graph f(z) = e —

k In(z%(z —1))
1 In(z®+z—2)

In 3z
T

m

In 2z
2
Find the exact coordinates of the stationary point on the curve y = and determine

its nature.

In z
T

Find any stationary values of the following curves and determine whether they are
maxima or minima. Sketch the curves.
a y=z—Incz

1

b y:5m2—ln 2z

c y=z2—1n 22

n

d y=z2"—1n 2", forn > 1

Find the equation of the normal to the curve y = 2e® at the point where z = In 3.

Give your answer in the form ax + by = pln q+ ¢, where a,b,c,p and q are integers.
Let f(z) = In(z — 2) + In (z — 6). Write down the natural domain of (). Find f ()
and hence find the intervals for which f (z) is:

a positive

b negative.

Sketch the curve y = f(z).

Differentiate the following with respect to x, and simplify your answers as much as
possible.

a z2lnx
b In z

22
ez
z2e?+1

2

C

d ze

Let f(z) = e2*. Find the inverse function f ' (z), and sketch the graphs of both y = £(x)
and y = f ' (z) on the same set of axes. How is the graph of y = f ' (z) related to the

graph ofy = ln x?

. . . dy .
Given that z = In (y2 — 4) , find an expression for d—z in terms of y.

Show that the function f(z) = Inz + xl—k has a stationary point with y-coordinate
In k+1
—

In z

5 when x = In 3.

11 a Sketch the graph y = In .

b The tangent to this graph at the point (p, In p) passes through the origin. Find the
value of p.

¢ For what range of values of k does In z = kx have two solutions?



4.5 Derivatives of trigonometric functions

WORKED EXAMPLE 4.5

a Differentiate 6 cos? 4x with respect to x.

b Show that %ln (tanzx )= 2 cosec 2z.
Answer

a %(6cos24w) = 6%(cos24:1:)
=6 x 2 x4 xcosdz x (—sin 4x)

= —48 cos 4z sindx
= —24 sin 8x

d 1
b gin(tanz)= = x sec’z Use the chain rule.
__ cosx 1
sin cos?z
1
sin x cos x

_ 1

1 ..
~sin 2z
2

= 2cosec 2z Shown.

%(sin z) =cosx
%(cos z) = —sinz

%(tan r) = sec’z

0 TIP

Remember to fully simplify your answers using trigonometric
identities where possible.

EXERCISE 4E

1 Differentiate the following with respect to x.
a —sinx

—Ccos T

sin 4z

2 cos 3z

sin %ﬂ'sc

cos 3mx
cos (2z — 1)
5sin (3z+ +m)

cos (3w —5z)

—sin (%71'— 2z)

= Q = 0o o T

e

i



2

k —cos (3m+2x)
1 sin ($7(1+2z))

Differentiate the following with respect to .
2

a sin® x
b cos® z
c cos® z
d 5 sin® %:1:
e cos? 2z
f sin 2?2
g 7 cos 2z3
h sin® (%m - %ﬂ')
i cos® 2wz
sin® 2
k sin? z2+ cos? z?
1 cos? iz

2

It is important to remember that, in calculus, all angles are
measured in radians unless a question tells you otherwise.

Show that % In cosec £ = —cot x and % In cos x = —tan x. Use these and other
similar results to differentiate the following with respect to x.

a In sin 2z

b In cos 3z

¢ In sin’® z

d In cos® 2z
Differentiate the following with respect to .

sin x

a €
b e%s 3z
C 5esin2 T

Find any stationary points in the interval 0 < x < 27 on each of the following curves,
and find out whether they are maxima, minima or neither.

a y=sincz+cos x

b y=z+sinz

¢ y=sin® z+2 cos

d y=cos2z+=x

e y=cos 2z —2 sin x

Find the equations of the tangent and the normal to the graph of

y=3tan £ —2¢/2sin z atxz = - Give all the coefficients in an exact form.

. . d
Given that y = i tan x + 301_2 for 0 < z < 2m, solve the equation d—g =1- %

Find the exact coordinates of the minimum point of the curve y = e *cos z,0 < z < 7.

The volume of water in millions of litres (V) in a tidal lake is modelled by
V =60 cos t + 100, where t is the time in days after a hydroelectric plant is switched
on.

a What is the smallest volume of the lake?

b A hydroelectric plant produces an amount of electricity proportional to the rate of



11 A function is defined by f(z) = 2z + %sin 2z —tanz for —% <z <

a
b

flow of water through a tidal dam. Assuming all flow is through the dam, find the
time in the first 6 days when the plant is producing maximum electricity.

2

Express sec” T in terms of tan .

Lety = tan! z. By first expressing = in terms of y, prove that % = 1:?
Find the equation of the normal to the curve y = tan~! (3z) at the point where

1
r= —.
V3

]

Find ().

Show that the stationary points of f(z) satisfy the equation
2 cos* £4cos? z—1=0.

Hence show that the function has two stationary points.



4.6 Implicit differentiation

WORKED EXAMPLE 4.6

rz=—1.
Answer

z? + 3zy + 2% = 10

(—1)?+3(—1)y+2y% =10

1—3y+2y? =10
292 —3y—9=0
(2y+3)(y—3)=0
Y= _%73

The two points on the curve are
(—1,—3)and(—1,3)

2+ 3zy+2y* =0
L2+ L(Bay) + L(2?) =0
2z + 3w 4 (y) +y4; (32) + £ (24%) = 0

2z + 3¢ + 3y +4y = 0

dy dy

(3z + 4y) ji’ = —2xz— 3y
dy = —2z-3y
dz —  T3z+tdy

Whenx = —1landy = —%,

dy 72(71)73(7%) _ 13

E_m_ 18

.. Gradient of the normal is %.

When x =-1andy = 3,

dy —2(-1)-3(3)

de T 3(—1)+4(3)

o~

Gradient of the curve at the point ( — 1,3)
. 7
is — <.

9

Find the gradients of the normals to the curve z2? + 3zy + 2y?> = 10 at the points where

Find the y-coordinates on the curve
where ¢ = —1.

Substitute x = —1 into the curve
equation.

Factorise

Differentiate with respect to .

d
Use the product rule for 4~ (3zy).

Rearrange terms.
Factorise.

Rearrange.

Find the gradient of the curve at the
point (—1, — 2).

Find the gradient of the curve at the
point (-1, 3).




.". Gradient of the normal is %

The gradients of the normals are % and
0 :

(

1 Find the gradient of each curve at the given point:
a i z2+3y2="Tat (2,-1)
ii 2% —y3 = —6at (1,2)

b i cosz+siny=0at (0,7)
ii tan z+tan y=2at (&

1)
,2)
-1, 3)

c i z*+3zy+y?=20at (2
ii 3m2—my2+3y:21at(
d i ze¥+ye® =2eat (1,1)
ii zlny— 2 =2at (-1,1)

2 Find % in terms of  and y:
T

a i 3z2—-¢y3=15
ii z*+3y? =20

b i zy?>—4z’y=26
ii y2 —xYy =
. z+y
c i —— = 2y
. U
n zy+l 1

di ze¥—4lny==z
ii 3z sin y+2 cos y=sinz

3 Find the coordinates of stationary points on the curves given by these implicit equations:
a —z2+3zy+y’ =13
b 2z2—zy+y? =28

4 A curve has equation 3z% — y2 = 8. Point A has coordinates (—2, 2).
a Show that point A lies on the curve.
b Find the equation of the normal to the curve at A.

5 Find the equation of the tangent to the curve with equation 4z? — 32y — y?> = 25 at the
point (2, — 3).

6 Find the points on the curve 4z + 2zy — 3y? = 39 at which the tangent is parallel to
one of the axes.

7 Find the coordinates of the stationary point on the curve given by e* +ye™* = 2¢e2.

The line L is tangent to the curve C which has the equation y2 = 2% when z = 4 and
y > 0.

a Find the equation of L.

b Show that L meets C again at the point P with an x-coordinate which satisfies the
equation 3 — 922 + 242 — 16 = 0.

¢ Find the coordinates of the point P.
9 a Find the equation of the normal to the curve zy + y> = 2z at the point (1, 1).
b Find the coordinates of the point where the normal meets the curve again.

Q 10 A curve is defined by the implicit equation 22 — %yQ +2zy+5=0.



. . dy .
a Find an expression for % in terms of  and y.

b Hence prove that the curve has no tangents parallel to the y-axis.



4.7 Parametric differentiation

WORKED EXAMPLE 4.7

Find and determine the nature of the stationary point on the curve defined by the
parametric equations = 3 — 3, y = t2 — 2t.

Answer

. 3 de __ 2

y=t* 2= L =2t-2

% = % g—i Use the chain rule.
. B 1
= (2t—2) x —o7
__2t-2
3t2
_ 2-2t
3t?
2—2t =0 dy
3¢2 At a stationary point o~ = 0
2—2t =
t =1 Substitute t = 1 into z = 3 —¢3 and
y=t> —2t.
= 33— 13
= 2
y = 12-2
y = —1 The stationary point is at (2, — 1).
d*y

Now find W to determine its nature
x

dy . . . . .
= 23tft Differentiate using the quotient rule.
Py od (22
dz2 = dz 312
_ d ( 2-2t ) dt
T x V32 de dt 1
(382)(—2)—(2-26)(6t) gy dz — 32
= , X =
ot dz
d’y  62-12t+12 ( 1 )
— — e E— >< -
dz? ot 3t?
&Py _ 6t(t+2—2t) 1
da2 9t 3¢2
2 2(2—t . .
dy X _ ) At the stationary point ¢t = 1.
da? ot?
d’y 2(2-1)




d*y 2
dz? 9

d*y

> 0as%>0

dz?

So the stationary point at (2, — 1) is a
minimum.

. . d*y .
An alternative method for finding o 1;’ is to convert the
X

parametric equations into a Cartesian equation by
eliminating the parameter. Two of the most common ways of
doing this are by substitution, or by using a trigonometric
identity. This method has not been used in this example since
substitution leads to a complicated Cartesian equation.

. . dy . . .
Find the expression for d—z in terms of ¢ or 0 for the following parametric curves.

a i z=3,y=2t
ii =52, y=2—t
b i z=2cos (20),y=cos 6
ii =cos (20),y = 3sin 6
c i z=tan 6,y=sec
ii £=3secH,y=2tan 0

You can check your answers by using a calculator or
graphing software which can plot parametric
equations.

Find Cartesian equations for curves with these parametric equations.
1

3

b z=23t,y=6t

c r=2cost,y=2sint

a z=t,y=

Find Cartesian equations for curves with these parametric equations.
a z=cos’t,y=sin’t
b z=cos®t y=sin®t
1 1
C I — 1 — 1 y = ]. + 7
d z=3t2,y=28

The tangent to the curve with parametric equations * = t?, y = e ! at the point (1, —i )
crosses the coordinate axes at the points M and N. Find the exact area of triangle OMN.

a Find the equation of the normal to the curve with equation x = 4t, y = % at the
point (16, 1).
b Find the coordinates of the point where the normal crosses the curve again.

Prove that the curve with parametric equations z = ¢ — 3t% + T,y = 5t + 1 has no
tangent parallel to the y-axis.




At a point where the tangent is parallel to the x-axis,

dy
P 0.
At a point where the tangent is parallel to the y-axis,
dz
=0.

dt

Q 7 Let P be the point on the curve x = ¢ ,Y = % with coordinates (p2 5 % ) The tangent to
the curve at P meets the z-axis at point A and the y-axis at point B. Prove that

PA =2PB.
Q 8 Point Q (aq2,2aq) lies on the parabola with parametric equations = = at?, y = 2at.

a Let M be the point where the normal to the parabola at Q crosses the z-axis. Find, in
terms of @ and ¢, the coordinates of M.

b N is the perpendicular from Q in the z-axis. Prove that the distance M N = 2a.

@ 9 A curve has parametric equations ¢ = 3t> + 2t, y = 2t> + 3t. Find the coordinates of
the point where the tangent has gradient %.

Q 10 The parametric equations of a curve are x = 20 + cos 0, y = 6 + sin 6, where
0<60 <27

. dy .
a Find d—z in terms of 6.

b Show that, at points on the curve where the gradient is %, the parameter 6 satisfies
an equation of the form 5 sin (6 + ) = 2, where the value of « is to be stated.

c Solve the equation in part b to find the two possible values of 6.



END-OF-CHAPTER REVIEW EXERCISE 4

1

Find the exact coordinates of the stationary point on the curve with equation
ye® = 3z — 6.

A function is defined by g (z) = 3z +1In (2z) for z > 0.

a Find g’ (z) and hence prove that g (z) has an inverse function.
b Find the gradient of g’ (z) at the point where z = 3.

A curve is given by the implicit equation 22 — zy + y? = 12.

a Find the coordinates of the stationary points on the curve.

2
b Show that at the stationary points, (z — 2y) % = 2.

¢ Hence determine the nature of the stationary points.

A chain hangs from two posts. Its height A above the ground satisfies the equation
h=¢e" + ﬁ, — 1 < x < 2. The left post is positioned at x = —1, and the right
post is positioned at z = 2.

a State, with reasons, which post is taller.

b Show that the minimum height occurs when & = % In 2.
¢ Find the exact value of the minimum height of the chain.

The function f is defined by f : z — In (2% — 35) for |z| > 6. For what values of z
does the graph of this function have gradient 1?

a Solve the equation sin 2z = sin z for 0 < x < 27, giving your answers in terms of
.

b Find the coordinates of the stationary points of the curve y = sin 2z — sin x for
0 < z < 27, giving your answers correct to three significant figures.

¢ Hence sketch the curve y = sin 2z —sin « for 0 < = < 2.
a Lety= 37’62 Find 2
dz
b Find the coordinates of the stationary point on the curve y = e3””2_6”” , and decide

whether it is a maximum or a minimum.

37—

¢ Find the equation of the normal to the curve y = e 6z at the point where z = 2.

P is a point on the parabola given parametrically by z = at?, y = 2at, where a is a
constant. Let S be the point (a, 0), Q be the point (—a, 2at) and T be the point where
the tangent at P to the parabola crosses the axis of symmetry of the parabola.

a Showthat SP = PQ = QT = ST = at? +a.
b Prove that angle QPT is equal to angle SPT.

¢ If PM is parallel to the axis of the parabola, with M to the right of P, and PN is the
normal to the parabola at P, show that angle M PN is equal to angle NPS.

o

Show that %(cosec x) = —cosec T cot .

Find the coordinates of the points on the curve y = cosec z (0 < z < ) where the
gradient is equal to 2+/3.

. d . dy
a Find In y in terms of y and -

b If — 2 findand simplify an expression for In y.

y= (2+5z)/z2+1

c¢ Hence find the derivative of y = -

T
(2+5z) /22 +1



Integration

az+b 1

B Extend the idea of ‘reverse differentiation’ to include the integration of e s —

sin (az + b), cos (az + b) and sec? (az + b).
B Use trigonometrical relationships in carrying out integration.
[l Understand and use the trapezium rule to estimate the value of a definite integral.




5.1 Integration of exponential functions

WORKED EXAMPLE 5.1

Find J (9e "1 4 4e™*) da.

Answer

J2 (9% £ 4e7") dz =

EXERCISE 5A

1 Find the following integrals:

a i / 3e3% dz
ii / et dg
2z—1
b i / 4e™3 dzx
1
ii / e?%dzx

ii /e% dz

d i /—3 dz
T

ii /e‘s””da:

(=}
(‘D’_\
Lla
5%
o,
8

o
©
@, |
HCDM
g
oL
5]




3 Evaluate:

5
a / e dz
0

b / e dg
0
In 2
c / 2¢3%dx
0
4
d / el™37 dg
0
L9
e / dz
0 e3w+2
2
£ /(e’”—|—2)2 dz
0

2

. d _ . d
4 A curve is such that Hﬁ’ = 2e~ . Given that d—g = 1 when & = 0 and that the curve

passes through the point (1 s % + 4) , find the equation of the curve.

T

5 Find the exact area of the region bounded by the curve y = 4¢3 4 3¢, and the z-

axis fromx = 0 and x = 1.
6 Find the exact area of the shaded region.

Ly

AN

-

0 In(e) x

7 a Find foa (Zefzz + 3e7””) dz, where a is a positive constant.
b Hence find the value of fooo (2e72x + 3e*’”) dz.
@ s 'y

N

-
Ll
X

0

The diagram shows the curve y = e* + 3e 2% and its minimum point X. Find the area of
the shaded region, giving your answer to 3 significant figures.

@ o



Y A

L P

.
-
X

0 In3 In5

The diagram shows the graph of y = €?%. The points (In 3, 9) and (In 5, 25) lie on the
curve.

1
a Find the value of fh:l; e dg.

b Hence show that f35 In ydy =In ( gzg) ]

10 The diagram shows the curves with equations y = 3e* —3 andy = 13 — 5e ™.

YA y=3e5-3

a Write down the coordinates of point A.

b The curves intersect at the point B.

i Show that the z-coordinate of B satisfies the equation 3¢** — 16e® + 5 = 0.
ii Hence find the exact coordinates of B.

¢ Find the exact value of the shaded area.



5.2 Integration of

WORKED EXAMPLE 5.2

Find the value of:

2
1
a / = dz
1
4
1
b /3 o dzx

Answer

/
i

[(Z3)n |5 — 22]]

(=31 1) = (=51 [3)
—5ln1+42mn3

1

[(Z3)1n |5 — 2]

(=3t 3]) = (=3 [ 1))

Substitute limits.

Simplify.

Substitute limits.

Simplify.

. 1 1
= —51n3—|—5ln1

. 1

In this example, In |—3| and In |—1| must be used since

In z is only defined for > 0.

It is normal practice to include the modulus sign only when
finding definite integrals. Use technology to interpret your
answers to parts a and b.

EXERCISE 5B

1 Find:




d i /1—53$da:

ii /3+ﬁdx

2 Evaluate:

a

b

C

d

e

f

f03 xlﬂ dz
I sl
f04 ﬁ dz
fol ﬁ dz
fol 5s Az
fy 5 da

3 Evaluate:

a
b
c

4 a
b

5 a
b

Ja+455)

f12 (% - 23;2—1) dz

ffl (a: -1+ 2z1—1) dz
2x

S =2+ m—fl, find the value of the constant A.

Hence show that f24 % dz=4-+1n 9.

Given that

Find the quotient and remainder when 6z2 + 5z is divided by 2z — 1.

62245

233719” dz, giving your answer in the forma + b In c.

2
Hence work out f 1

@ 6 The diagram shows part of the curve y = ij Given that the shaded region has area
%ln 3, find the value of k.

L

EE=ssss=s==

T
r o
X

=
thieesees

0
7 Given that % = % and the graph of y against x passes through the point (1, 0) , find
Yy in terms of .
8 A curve has the property that % = % and it passes through (1 s 2). Find its equation.



5.3 Integration of sin (az + b), cos (az + b) and sec?

WORKED EXAMPLE 5.3

(azx + b)

Find:
a / sin %:1: dx
b / cos 4 dm
/ sin 2z + ) dz
0
Answer

sin —a: dz = —2 cos —:c+c

o

dm: -2 sin(4—%x)+c

w|y

b /
: 1 z
/ (sm 2z + §7r> dz = [—3cos (2z) + %ﬂm} ;

1. .2 1
= (—Ecos% + %) - (—Ecos 0+0).
1
4
3
4

Substitute limits.

Remember that the formulae for differentiating and
integrating these trigonometric functions only apply when =
is measured in radians.

EXERCISE 5C

1 Evaluate the following.
1
a [ " sin z dz

1
- T
4
b [ cosz dzx

c fo‘lﬂr

1
d [} " cos3z dz
Zﬂ'

sin2x dz

1

e jfﬂsin(&r-i-%ﬂ') dz

6
f foéﬂsin(%ﬂ'—m) dz

g fol cos(l—z) dx




1
h [ sin<%m + 1) dx
i foh sin %az dz

2 Find the exact value of / g 2 sin (5:1;) dz.

3 Find:

a / sec? 3z dz

b /3 sec? (7Tz — 2) dzx

1
¢ /‘cos2 (4z+1) dz

4 Evaluate:
1

i )
a sec” 4z dx
0

o
b / (1 — 3sec’z)dz

= o|m

s
sec? 3z dx

o
MH\

™
5 a Find % (2 tan 3z).

L
T

b Hence find the exact value of 3 sec23z dz.

L
7

6 A curve is such that f (z) = 22 —4 cos z. Given that f(0) = 3, find the equation of the
curve.

. dy . . r\y _ 1 .
7 Acurveissuchthat .- =2 cos £ —3 sin z. Given that y (Z) =7 find the

equation of the curve.

8 Find the area enclosed by the curve y = cos 2z (0 <zT< %) , the z-axis and the y-axis.

2

. d . . d
9 A curve is such that ﬁ = —18 sin 3z + 2 cos x. Given that d—g = 2 when z = % and

that the curve passes through the point (0, 27 — 3), find the equation of the curve.
10 The diagram shows part of the graph of y = % cos (2x — %) between the points A and
B whose coordinates need to be determined. Find the exact area of the shaded region.

iy

15
j .

,_.
I

bo | s
J
g
[
=
|

Ll

==
U




5.4 Further integration of trigonometric functions

WORKED EXAMPLE 5.4

Find / cos? z dz.

Answer

cos*z = (cos ac)2 Use
cos? x = %(cos 2z +1).

|
= [%(cos 2z +1)] ’ Expand.

= 1(cos® 2z +2 cos 2z + 1)

(0032 2 + 2 cos 2z + 1) dzx Use
cos’ 2z = 1 (cos 4z +1).

/1

1

/i(% cos 4:1:—}—%—1—2 cos 2:c—|—1) dz — |
implify.

cos? xdx = /(é oS 4w+% coS 2m+%) dx

cos? xdx = %w%—i sin 2w+%sin 4z + ¢

EXERCISE 5D

1 Find:

5cos’z dz

o

=7
— — Y Y S —

2( )dx

w
Q
=]
wn
IS

sin? 4z dz
2 tan? 3z dz

5 tan? (2z) dz

o]

3 cos? z dx

)

2 Find the value of:

-

2sin’z dz

m|>—\
3

2tan’z dz

=2

Y]
3

1
3



3 cos? z dz

(=)

o

3sin’2z dz

f 2tan?3z dz

J/‘1

o [
/.
/.

0
Find the value of:

2cos ;v—l—

o

w)dw

o

cos 2z + sin 2z) dz

o

0

(cos z — sin z) dx

2+cos a:
Tcos2z

N
/1
c /g (3sinz + cosz)’da
N
/)

0
Lr
6
3
£ / 1+4-cos 2z dz
0
T

Find the exact value of / cos? (3z)dz.
0

Find the exact value of / ? L
0

cos?4zx

a Find the value of the constants A, B and C such that
sin* £ = A + Bcos 2z + Ccos 4x.
b Hence evaluate / * sinzdz.

0

2 £ over the interval 0

Let R be the region under the graph of y = sin
a theareaof R

b the volume of revolution formed by rotating R about the x-axis.

Remember, for rotations about the z-axis:

b
V= / 7 y*de.

2 — 2 (1
a Prove that Treos s — sec (Ew)
1
b Hence show thatf217T —2 dz =4.
—37 (1+cosz)
a Prove that — =522 — qin .

cosec r—2cos T

< x < . Find:

3
. AT —si ..
b Hence find f im _Llosin2r g giving your answer as an exact value.
T2

1 cosecz—2cosx



10 Find the value of k if cos (ac + %) — Cos (a: — ”) =ksin z.

3



@ 5.5 The trapezium rule

WORKED EXAMPLE 5.5

2

The graph shows the curve y = z“€”.

YA

Use the trapezium rule with 5 strips to 2.5

estimate the shaded area, giving your

answer correct to 4 significant figures.
State, with a reason, whether the trapezium

3%

rule gives an under-estimate or an over-

estimate of the true value.

=

_—

Answer

a=0,b=1and h=0.2

7

0 0.2 0.4

0.6

0.8

1

0 | 0.04886 | 0.23869 | 0.65596 | 1.42435

2.71828

Yo Y1 Y2

Area~ 2 [yo +2(y1 +y2 +ys +ya) + ys)
2210+ 2(0.04886 +

0.23869 + 0.65596 +

1.42435 + 2.71828]

~ 0.74540. ..

~ 0.7454 (4 significant figures)

It can be seen from the graph
that this is an over-estimate
since the top edges of the strips
all lie above the curve.

Q

Ys

Y4

Ys

0.5

O

‘ The number of ordinates is 1 more than the number of strips.




1 Use the trapezium rule, with the given number of intervals, to find the approximate

value of each integral.

. 5 _ .2
a i foe””dm,

5 intervals
i [ = de,
4 intervals
b i f02 sin (y/z) dz,
5 intervals
i [)In(23-2) dz,
4 intervals
c i f02 eVE-lde
6 intervals
ii fol tan (z?) dz,
3 intervals

Always work to at least one more significant figure (or
decimal place) than you are asked for and round at
the end.

2 a Sketchthe graphofy =3 In (z —1).

4
b Use the trapezium rule with five strips to estimate the value of f2 3n (z—1) de.
Give your answer to two decimal places.

¢ Explain whether your answer is an over-estimate or an under-estimate.

You may have a Table function on your calculator
which will produce the table of values. Alternatively,
you can save the six numbers in memory to use in the
trapezium rule calculation.

3 a Use the trapezium rule with four intervals to find an approximate value to 3
significant figures of f 45 eVh—z dz
b Describe how you could obtain a more accurate approximation.

4 The diagram shows a part of the graph of y = cos (:132) .



Y A
1.2 <

0.8 ~
0.6 -
0.4 -
0.2 -

0 T T T T T T —>
02 04 06 08 1 12 14 *

The graph crosses the x-axis at the point where £ = a.
a Find the exact value of a.

b Use the trapezium rule with four intervals to find an approximation for
f Oa CoS (.’132) dz. Give your answer to 3 significant figures,

¢ Is your approximation an over-estimate or an under-estimate? Explain your answer.

The more strips are used, the more accurate the
estimate will be.

5 A particle moves in a straight line with velocity given by v = eV, where v is measured

in ms~! and ¢ in seconds. Use the trapezium rule with 6 strips to find the approximate
distance travelled by the particle in the first 3 seconds.

6 The velocity, vms~!, of a particle moving in a straight line is given by v = sin (\ﬁ) . The
diagram shows the velocity-time graph for the particle.

VA

1.5+
1-

0.5+

-1.5-

a The particle changes direction when ¢ = p and ¢t = ¢q (with
p < q). Find the exact values of p and g.

b Use the trapezium rule, with 8 equal intervals, to estimate to 3 significant figures the
total distance travelled by the particle during the first g seconds.

7 The diagram shows a part of the graph with equation y = In () sin (z). The coordinates

of the maximum point are (7.915, 2.065) . Give your answers to 3 significant figures in
this question.

3
a Use the trapezium rule with four strips to find an approximate value of / . State

2
whether your answer is an over-estimate or an under-estimate.



b

3
Use four rectangles of equal width to find an upper bound for In / In x sin x dx.
27
3T

Write down values of L and U such that L < / Inzsin £ dz < U. How can the

2
difference between L and U be reduced? "

Use the trapezium rule, with three intervals each of width %8 7, to estimate the

1
=T
value of foﬁ sec x dz. Give your answer to 3 significant figures.

State with a reason whether the trapezium rule gives an over-estimate or an under-
estimate of the rule of the integral in this case.

A region R is bounded by part of the curve with equation y = v 64 — x3, the positive z-

axis and the positive y-axis. Use the trapezium rule with 4 intervals to approximate to
the area of R, giving your answer correct to 1 decimal place.

10 a

Use the trapezium rule with 6 ordinates to calculate an approximation to
1 . .
f() v4 — x? dz. Give your answer to 4 decimal places.

The graph of y = v/4 — 2 is a semicircle. Sketch the graph, and hence calculate the
area exactly.

Find to 1 decimal place the percentage error of your answer to part a.



END-OF-CHAPTER REVIEW EXERCISE 5

1 Shthhat/1 (Btam2 T —2) dm=2\/§—%-
Eﬂ'
-1
2 Find the exact value of / (ﬁ — m) dz, giving your answer in the form
a+bln (%) , where a, c and d are integers.

3 The diagram shows a part of the curve with equation

y=In(z2+1).
b 3
154
10 4
5
) L | | >
—-100 100 200 300 X

a Use the trapezium rule, with 5 strips of equal width, to estimate the value of

f0200 In (:L'2 + 1) dz.

State with a reason whether your answer is an under-estimate or an over-estimate.

¢ Explain how you could find a more accurate estimate.

You should not use a numerical method with definite
integration questions when an algebraic method is
available to you, unless you are specifically asked to do
so.

In2
4 Show that/ (e —3)°dz = 9In2 — %.
0

k
5 a Find / (2e_"c + 3e_2“’) dx, where k is a positive constant.
0

o0
b Hence find the exact value of / (2€7m + 3672””) dzx.
0

3
3 — _ 3y
6 Show that/2 mdw = 5111 9 *
7 a Find the value of the constant A such that 6;;:‘? =3x—-1- 2:;3 T

4
2
b Hence show that 672”—_5“dm =3 _ 1y 7.
) z—1 2 2

8 a Show that 2cos’2z = 1 + cos4z.

™

Hence show that/ 2¢c0s22z dx = 3.
1

1 4
e

=2



cos? 2z

.2
9 a Show that /Mdm can be written as tan 2z — = + c.

) T 1+sin22 -
b Hence find / 8 %dm writing your answer as an exact value.
us

8
10 Find the volume of the solid of revolution formed by rotating about the z-axis the area

between the curve y = sinx + cosx and the z-axis fromz = 0 tox = g



Numerical solutions of equations

B Locate approximately a root of an equation, by means of graphical considerations and/or
searching for a sign change.

B Understand the idea of, and use the notation for, a sequence of approximations which
converges to a root of an equation.

M Understand how a given simple iterative formula of the form ,.1 = F (:I:n) relates to the
equation being solved, and use a given iteration, or an iteration based on a given
rearrangement of an equation, to determine a root to a prescribed degree of accuracy.



6.1 Finding a starting point

WORKED EXAMPLE 6.1

a

By sketching a suitable pair of graphs, show that the equation In = = % has only one
root for0 < = < 2.

b Verify by calculation that this root lies between z = 1.4 and ¢ = 1.5.

Answer
a A Draw the graphs of y = In
L3 and y= 7 for0 < z < 2.
. v = In(x)
.--""f 1= 4
3 ) >
05/ is 2 255 *
0.5 7
A/
l/
]
Both graphs are continuous in the given
domain. The graphs intersect once only
and so the equation In z = % has only
one root for0 < = < 2.
b Inz=%2so mz—%=0

4 4

Let f(z) =ln z— 7

f(1.4) =In 1.4— 14 = —0.0135.. ..

f(1.5) =In 1.5 — 12 = 0.0304... ...

Change of sign indicates the presence of a
root.

O

Note that a change of sign between £ = a and x = b implies
that there is at least one root between those two values, but
it does not tell us whether there is more than one.

EXERCISE 6A

1 For each of parts a to f, use the sign-change rule to determine the integer N such that
the equation f () = 0 has a root in the interval N < z < N + 1.

a
b

C

f(z) =2° -5z +6
f(z)=z+ V2> +1-7
f(z) =e"— 2

f(z) = 1000 — e” In
f(z) =In(z?+1) - 12—



2

9

f f(z) =25+ 2% —1999

Be careful! If the graph of the function has a vertical
asymptote, or another break in its graph, there may be
a change of sign even if the graph does not cross the z-
axis.

Each of the following equations has a root between —3 and 3. In each case, find two
integers between which the root lies.

a z2 -4z -4=0
b 2sinz—4z+1=0
¢ 25In z = 3z?
d cos(3—z)+a3=-5
For each of the following equations, show that there is a root in the given interval.
a i x—5Inxz=0, between 1 and 2
ii 3e?® — 422 =0, between —1 and 0
b i cos 2z = ./z, between 0 and 1
ii 3 tan = = 523, between —0.5 and —1
For each equation, show that the given root is correct to the stated degree of accuracy.
a i z°—-3z2+1= 0,z = 0.6 (1 decimal place)
ii 23 —-3x+4= 0, x = —2.2 (1 decimal place)

b i 4sinz—e?*

= 0, x = 3.14 (3 significant figures)
ii 2Ina—3 cos =0,z =1.36 (3 significant figures)
c i 3tan z = 523, z = 1.31 (2 decimal places)
ii 2z =e ", x = 0.35 (2 decimal places)
d i 3e” =z? z =6.20 (3 significant figures)
ii 3 cos £ =In z, x = 5.30 (3 significant figures)
a Show that the equation 23 — 3z — 1 = 0 has a solution between 1 and 2.
b Show that this solution equals 1.9 correct to one decimal place.

The equation In (%) — ”fTZ + 2 = 0 has two solutions.

a Show that one of the solutions equals (0.425 correct to 3 significant figures.
b The other solution lies between positive integers k£ and k 4 1. Find the value of k.

a By sketching the graphs of y = In « and y = % on the same axes, show that there is

one real root of the equationIln z — % =0.

b The real root of In x — % = 0 is . Find the integer n such thatn < oo < n + 1.

a By sketching the graphs ofy = e¢®” and y =5 — 22 on the same axes, show that the
equation 2 — 5 4 e* = ( has one positive and one negative root.
b Show that the negative root lies between —3 and —2.

¢ The positive root ¢ is such that 1—]\(7] <a< Nl—zl

value of N.

, Where N is an integer. Find the

A function is defined by f(z) = ;;J:g )

a Show that the equation f(z) = 0 has no solutions.
b i Evaluate f(2) and f(3).

ii Alicia says that the change of sign implies that the equation f (a:) = 0 has a root
between 2 and 3. Explain why she is wrong.

@ 10 Letg(z) = cos 8z.



i Sketch the graph of y = g(z) for0 < x < g

ii State the number of solutions of the equation g (z) = 0 between 0 and %.

i State the values of g (0) and g (I).

ii George says: ‘These is no change of sign between 0 and g so the equation
g (:c) = 0 has no roots in this interval.” Use your graph to explain why George’s
reasoning is incorrect.

iii Use the change of sign method (without referring to the graph) to show that the
equation g (z) = 0 has two roots between 0 and 7.



6.2 Improving your solution

WORKED EXAMPLE 6.2

The equation > — 3z — 5 = 0 has one root, o.

a Show that this equation can be rearranged as ¢ = %(:BE' — 5) .

b Alice uses the iterative formula z,, 11 = %(m% — 5) with a starting value of xg = 2

and correctly works out the first 6 iterations (to 5 decimal places where appropriate).
Work out the results she should have obtained. Comment on their convergence.

c Otto rearranges the same equation correctly to give £ = +/3x + 5. Using
Tpi1 = /3T, + b with a starting value of g = 2, write down the results of the first
6 iterations he should have obtained (to 5 decimal places) and comment on their
convergence.

d Using the results from parts b and ¢, calculate the root of the equation
2% — 32 — 5 = 0 to 3 decimal places.

Answer
3 _
a z-3x-5=0 Add 3x to both sides.
x3 —5 =3z — g
Divide both sides by 3 and
L rearrange.
T =3 (a: — 5)

b 2,1, -1.33333, —2.45679, —6.60958,
—97.91654, —312931.4537

The results of the iterations do not
converge to a limit.

c Ty = 2
Tpni1 = /3T, +5
z1 = /3(2)+5 = 2.22398
Ty = 2.26837
r3 = 2.27697
Ty = 2.27862
rs = 2.27897
rg = 2.27900

The results suggest the terms converge
to a limit, giving one root of the
equation.

d Using Otto’s results, the terms get
steadily larger and the root (&) appears
to be 2.279 to 3 decimal places.

We can prove this, using a change of
sign test.

When a = 2.279 then
2.2785 < o < 2.2795 and so

f(2.2785) = 2.2785% — 3(2.2785) — 5
= 6.53x10°°

f(2.2795) = 2.2795° — 3(2.2795) — 5
= 6.06 x 1073




The change of sign test confirms the root
of the equation is 2.279 to 3 decimal
places.

Use iteration with the given starting value to find the first five approximations to the
roots of the following equations. Give your answers to three decimal places.

ai z=2h (z+2),21=3
ii 2=3—-e%,2;1=4

. _ 3 _
b i T == 1,z =—1

iih z=cos(2r—1),z;=1
c i mz—224+2=2z,2,=0.5
ii 1.5sin (z+1)=z,2;=1

Using the Ans key on your calculator reduces the
number of key strokes needed to use an iterative
process.

Use iteration with the given starting value to find an approximate solution correct to 2
decimal places.

= €

NE]

ai =z ,x1 =0
Xy _ xT _
ii = = cos (g),xl—O
bi 2= Ilnz+3,z1=4
ii oz =tan (%) 4+0.2,2, =1
Each of the equations below is to be solved using iteration. Draw the graphs and use
technology to investigate the following.
i Does the limit depend on the starting point?
ii Does starting on different sides of the root give a different limit?

iii If there is more than one root, which one does the sequence converge to?

a z=+/z+2
b z=In(z+2)
c z=¢e"?

Tn

Use the iteration formula z,, 11 = cos (T) with 21 = 0.5 to find x5. Give your answer

correct to four decimal places.

This value of x5 is an approximation to the equation (:1:) = (. Write down an expression
for f (:v) and suggest the value of the root correct to two decimal places.

3/ 19—z

:1:2
and that the equation has a root a between = 1 and z = 2. Use an iteration based on
this arrangement, with initial approximation o = 2, to find the values of 1, o, .. ., Tg.
Investigate whether this sequence is converging to a.

Show that the equation z® +x — 19 = 0 can be arranged into the form x =

a Show that the equation z? + 2z — e® = 0 has a root in the interval 2 < z < 3.

b Use an iterative method based on the rearrangment x = 1/e% — 2x, with initial
approximation £y = 2, to find the value of x1g to 4 decimal places. Describe what is
happening to the terms of this sequence of approximations.

Show that the equation e® = 23 — 2 can be arranged into the form z = In (a:3 — 2).

Show also that it has a root between 2 and 3. Use the iteration ,,1; = In (a:? — 2) ,

commencing with £y = 2 as an initial approximation to the root, to show that this



arrangement is not a suitable one for finding this root. Find an alternative arrangement

of e = 23 — 2 which can be used to find this root, and use it to calculate the root
correct to 2 decimal places.

8 a
b
9 a
b

Show that the equation £ — 322 — 1 = 0 has a root « between = 3 and = = 4.

The iterative formula x,,1 = 3 + —2 is used to calculate a sequence of

approximations to this root. Taklng o = 3 as an initial approximation to «,
determine the values of 1, 2, £3 and x4 correct to 5 decimal places. State the
values of o to 3 decimal places.

Determine the value of the positive integer N such that the equation

12—z — In z =0 hasaroota suchthat N < aa < N + 1.

Define the sequence xq, 1, ... of approximations to « iteratively by

ro =N+ %, Zr+1 = 12— In z,. Find the number of steps required before two

consecutive terms of this sequence are the same when rounded to 4 significant
figures. Show that this common value is equal to « to this degree of accuracy.

10 Find the missing constants to rearrange each of the following equations into the given
equivalent form.

a

i 208 —4dzx+1=0cz=+/ar+b

ii z—12'-3=0&2=1 az+b

i 23+ 2? —4:0<:>x:%—bw2

i 223 — 220241 =0w g = 2Tt

cT

i 222 —2z+5=02= a—i—%

ii a:2—3a:3+2:0<:>m:\/cw+%

i 23-322+5z+2=0&2x= ‘;Zsj;

223 +1
a—bzx

ii 223 +22—-3z+1=0< 2=




6.3 Using iterative processes to solve problems involving other areas
of mathematics

WORKED EXAMPLE 6.3

The diagram shows a sector ABC of a circle centre C and radius r. Angle ACB is 6 radians.
The ratio of the area of the shaded segment to the area of the triangle is 1:5.

PR-aSNNNNNNNN
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a Show that 560 — 6sin 6 = 0.

b Use the iterative formula 0,,,; = % sin 6, with 6y = 1 to find the value of 8 correct

to 2 decimal places. Write down the result of each iteration.

Answer

_ 1,2 1,2 .
a  Area of segment = 57°0 — 57"sin ¢ Factorise.

_ 1 ;
= 577 (0 — sin6)

S.=rsinf = 5 X %7"2(9 — sin 6) Shown.
sinf = 56 —5sin 6
50 —6sinf = 0

b 6, =1 01 = g sing,, The same correct to 2 dp’s.
6, = 1.00977 No.
65 =1.01605 No.
6,4 = 1.02004 No.
05 = 1.02255 No.
0 = 1.02413 No.
67 =1.02512 No.
6g = 1.02573 Yes.

0 seems to be 1.03 correct to 2 decimal
places.

Whenf = 1.03then1.025 < 0 < 1.035 To prove this, use the change of
f(1.025) = 5(1.025) — 6 sin 1.025 sign test with
s f(6 = 56 — 6 sin 0).
= —-3.29x 10
f(1.035) = 5(1.035) — 6 sin 1.035

= 1.58 x 1072

Change of sign indicates the presence of a
root. Therefore 8§ = 1.03.




The graph of y = sin (%) — 22 has a stationary point between 0 and 1.

Remember to use radians when dealing with questions
involving trigonometric functions.

a Show that the x-coordinate of the stationary point satisfies z = % CcoSs (%) .

b Use iteration with a suitable starting point to find the z-coordinate of the stationary
point correct to three decimal places.

A rectangle has two vertices on the z-axis, between x = 0 and x = 7 and two vertices
on the curve y = sin x. Let the smaller of the z-coordinates of the vertices be a. It is
required to find the rectangle with a maximum possible area.

a Show that, for this rectangle, 2 tan a = ™ — 2a.

b Use an iteration method with the starting value ag = 0.7 to find the value of a
correct to four decimal places. Hence find the maximum possible area of the
rectangle.

a Show that the iteration given by 11 = ”2’“" corresponds to the equation 3 = 2,

zn+k

whatever the value of the constant k.

b Taking k = 3, use the iteration, with £; = 1, to find the value of \/2 correct to 2
decimal places.

The diagram shows the graph of y = e~ ®. The point P has coordinates (a, e*“), and the
lines PM and PN are parallel to the axes.

VA

=Y

0

a Find foa e *dzx in terms of a.

The area of the rectangle OMPN is one quarter of the area under the curve y = e™*

fromx =0tox = a.
b Show thate® = 4a + 1.

¢ Use the iteration a1 = In (4a, + 1), with a; = 2, to find the non-zero value of a
satisfying the equation in part b. Give your answer correct to 1 decimal place.

The parametric equations of a curve are ¢ = t> —e? , Y = ? —e 2,

a Find the equation of the tangent to the curve at the point where ¢t = 0.

The curve cuts the y-axis at the point A.

b Show that the value of ¢ at A lies between 0 and 1.

¢ Use the iteration t,,1 = /et to find this value of ¢ correct to 2 significant figures,
and hence determine the y-coordinate of A, correct to 1 significant figure.

The equationsin (z —6) — In (2?+ 1) = 0, « €R has a root in the interval
a < x < a-+1, where ais a positive integer.



a Find the value of a.

b Using the iterative formula z,.; = v/ e%® (zn—6) — 1 starting with ¢ = a find three
further approximations to this root giving your answers to 4 decimal places.



END-OF-CHAPTER REVIEW EXERCISE 6

1 The diagram shows a sector of a circle with radius 5 cm. The angle at the centre is 6.
The shaded area equals 30 cm?.

<y

Show that 8 —sin 0 = 2.4.
Show that the above equation has a root between 2 and 3.

Use an iterative method with a suitable starting point to find the value of 6 correct to
two decimal places.

Sketch the graphs of y = €*~! and y = In (x + 2) on the same set of axes. State the
number of solutions of the equation e~ ! =In (z + 2).
Show that the above equation has a solution between 1 and 2.

Use an iteration of the form z,,.; = A+ In (In (z,, + B)) to find this solution correct
to two decimal places.

3 Acurve is defined by y = Si’;—;”for z > 0.

a

Show that the x-coordinate of any stationary point on the curve satisfies the
equation x = 2 tan x.

One of the roots of this equation is between 4 and 5.

b

By considering the derivative of 2 tan x prove that the iteration z,,,; = 2 tan z,
does not converge to this root.

Find an alternative rearrangement of the equation x = 2 tan z and use it to find the
xz-coordinate of the stationary point on the curve y = Sl;‘—f between x = 4 and
x = 5. Give your answer correct to three decimal places.
Show that the equation 2 — 3z — 10 = 0 has a root between z = 2 and z = 3.
Find an approximation, correct to 2 decimal places, to this root using an iteration
based on the equation in the form = (3z + 10)é and starting with z; = 3.

1

5 Consider the equation In (z — 2) = 5 sin z, where z is measured in radians.

a
b

d

By means of a sketch, show that this equation has only one solution.
Show that this solution lies between 3 and 4.

Show that the equation can be rearranged into the form z = e2 s = - b, where a
and b are constants to be found.

Hence use a suitable iterative formula to find an approximate solution to the

equation In (z — 2) = % sin z, correct to 3 decimal places.

6 A rectangle is drawn inside the region bounded by the curve y = sin = and the x-axis,
as shown in the diagram. The vertex A has coordinates (z, 0).

a

L

" J

0" 4(x, 0)
i Write down the coordinates of point B.



ii

ii

iii

ii

Find an expression for the area of the rectangle in terms of x.

Show that the stationary point of the area satisfies the equation
2sinz = (m — 2z) cosz.

By sketching graphs, show that this equation has one root for 0 < < %
Use the second derivative to show that the stationary point is a maximum.

The equation for the stationary point can be written as ¢ = tan~! (g — a:) Use

a suitable iterative formula, with 1 = 0.5, to find the root of the equation
2tanx = ™ — 2z correct to three decimal places.

Hence find the maximum possible area of the rectangle.



Further algebra

This chapter is for Pure Mathematics 3 students only.

B Recall an appropriate form for expressing rational functions in partial fractions, and carry
out the decomposition, in cases where the denominator is no more complicated than:

] (az+b)(cx+d) (ex+ f)
O (az+b) (cz+d)?
(1 (az +b) (cz?+ d)

M Use the expansion of (1 + z)", where 7 is a rational number and |z| < 1.



7.1 Improper algebraic fractions

WORKED EXAMPLE 7.1

: _ 23-222-21z+70 .
Given f(m) = m and ié 3:
a Express f(z) in the form Az + B + % where g (z) is linear.
b Hence solve the equation f (z) = %
Answer
a r—4
x2+2:c—15):r3—2x2 — 21z + 70
z3 + 222 — 152
—4x — 6x + 70
—4zx — 8z + 60
2x 4+ 10
3222 —21x+70 B 22410
2242215 = z-4+4 z24+2x—15
o B 2(z+5)
= -4+ 5y
_ 2
r—4+ —
-7
b % Divide the numerator by the
denominator.
3¢—7 2
;—3 = 3+ -3 Subtract % from both sides.
. 2 2
'3+x73 I_4+m73
3 r—4
x =7

The resultant polynomial when one polynomial is divided by
another is called the ‘quotient’.

EXERCISE 7A

1 Express each of the following improper fractions as the sum of a polynomial and a
proper fraction.

6
2x+1
12z+1
b 4x—2
3232
¢ S
234222 —3z+1
z2+z+3




e 4534322 —2z+1

243
a4
£ 242
3 2
Given that % = Az?+ Bz +C + w’%l, find the values of A, B, C and D.

Given that % = Az3+ Bz?+Cz+ D + % find the values of A, B, C, D
and E.

4 3 2
Given that 322242 — Ag 4 B4 €otD '£n4 the values of A, B, C and D.
A 4 z°+1

Find the quotient and remainder when 222 — 3z + 4 is divided by 2z — 1.

. 202 —2—28 . B
Write m in the form A + :t-i-—c .
The remainder when 22 4 az + 3 is divided by  — 2 is 5. Find the value of @ and then
find the quotient.
When the polynomial f (:I:) is divided by  — 2, the quotient is the same as the remainder.
Prove that f (z) is divisible by  — 1.



7.2 Partial fractions

WORKED EXAMPLE 7.2

(2% +3z—10) (z+1)

Express 2@ =)

in partial fractions.

Answer

The degree of the denominator is

the same as the degree of the The fraction is improper. Hence it must first be

written as the sum of a polynomial and a proper

numerator. fraction. However the fraction can be simplified
first.
(2°+32-10) (z+1)  _  (a+5)(z—2)(x+1)
—FED - =  amdea Cancel.
~ (z+5)(z+1)
- z(z+2)
_ 2’46245
- 242z
1
224 2z) 22 + 62 +5
2242z
4x+5

216045 _ 445 . :
l; é; =1+ xf:% Split the proper fraction

4245 into partial fractions.
a4
445 _ A B
2@t2) — @ 72 Multiply throughout by z (z + 2).

dz+5=A(z+2)+ Bz
Let z = 0 in equation (1).

(1)

5=2A4
_ 5

A=3
Let £ = —2 in equation (1)
-3 =-2B

_ 3

- 2

4a+5 5 3

EXERCISE 7B

1 Write the following expressions in terms of partial fractions.
6—4z
z(z—3)(z—2)
3z+4-4
z(z+1)(z+2)
b i 13z+17
(z—1)(z+1)(z+2)
192455
(z—3)(z+4)(z+1)

a i

ii

ii



2 Express each of the following in partial fractions.

224z
a @
41—z
b (z+1)(z2+4)
c 2z%+x—2
(z+3)(z%+4)
d 222 +11z—8
(22—-3)(z%+1)
e z2-3z+14
(3z+2)(z2+16)
£ 3+17z?
(1+4z)(4+2?)
g 6—5x
(1+2z)(4+2?)
z2+18
h z(x249)
i 17-25z
(z+4)(22%+7)
3 Express each of the following in partial fractions.
z5—1
a z2(z+1)
23 4+2z+1
b z(z%+1)
c 2343z 214
(z+4)(z2+1)
d 223 +622—3z—2
2
(z—2)(z+2)
e 62°+z+10
(z—2)(z+2)(2z—1)
£ —42*+1622+152—50
z(4x2—25)
z34-2z+1
9 @)@ 1
h 2322243246
z2(2+x)
i 1223 —202%+31z—49
(42%249)(z—-1)
z?—-3z+5 __ 3
4 a Show that Y1 xXr 2 + P
. 22-3z+5 . . .
a Hence write D2 in terms of partial fractions.

5 Write in partial fractions

2z—3a
z2—3az+2a?

6 Express the following in terms of partial fractions.

€T

a bl Gy
. x
ii T=E
. 16
b i z2(z+4)
os 1
u z2(z—1)
c i 9z+9 .
(z—1)(z+2)
ii—2
(z+1)(z—2)
Q 7 a Prove that if a function can be written as %
Cz+D
(z—p)? "
. . A Bz+C
b Write in the form — + .
z—1)(z—2)° z-1 (z—2)?

p

_|_

B

(z—p)

where a is a constant.

2

it can also be written as



. w(a+1) —a? . . .
8 Write ————— in terms of partial fractions.
T\r—a
9 a Simplifyf(z) = 223 x _Szi2

622+13z+6 x?4+3z+2
b Hence write f(z) in terms of partial fractions.

Q 10 If two resistors with resistance R; and Ry are connected in parallel, the combined
system has resistance Rr. These are related by the equation RLT = R% + R%'
a Find and simplify an expression for Ry in terms of R and Rs.
b Hence prove that Ry < R;.

@ 11 Express the algebraic fraction m in partial fractions, hence find the sum of the
) -2 —2 _ _
series -7 + o= + ...+ — 5+ .- betweenn = 2 and n = oo.

(n+1)(n+2)



7.3 Binomial expansion of (1 + z)" for values of n that are not positive
integers

WORKED EXAMPLE 7.3

a Expand (1-—3z) 5 in ascending powers of £ up to and including the term in x3,
stating the validity of the expansion.
1
b Using your series with x = 31—2 find an approximation for 295 giving your answer to
5 decimal places.
Answer
1
a  (1-3z)3 Usen = % and replace z by —3z
( 1 ) 1 71) , in the binomial formula:
=1+ 5(=32) + ~5—(-32) 1+z)"=1+nz+ —n(zl) z?
Dy (Lt-1)(L-2 n(n—=1)(n-2) 3
LG 3/><” ) ey ... + gt
B 5 18 2 162 3 where n is rational and |z| < 1.
Valid for ‘m' < %
P 3)T = (2)7 = L)t Having substituted z = - int
(—3—2) = (B)° =129 aving substituted z = 3 into
1 = 3 (1 18 (12 (1 —3z)5 and also into the
i 2 ) f— 1 _— = — —_ | =
2 (29) 5 ( 32) 5 ( 32) expanded form.
_ 162 (L)?L
125 \ 32 T
= 1-—0.1875—0.000703125
—0.000039550781 — . ..
1
(29)5 = 1.96101 to 5 decimal places

1 Expand the following in ascending powers of  up to and including the terms in z2.

a (1+z)°
b (1+z)°
c (1—-2)"*
d 1—-=z)°
2 Find the coefficient of 23 in the expansions of the following.
a (1-z) "
b



h (1—cz)™"

3 Find the expansion of the following in ascending powers of  up to and including the
2

terms in x°.

a (1+4z)?

b (1+ 3.@)_%

¢ (1—6z)7

a (1-1z)77
4 Find the coefficient of z* in the expansions of the following.

a (1+ 21:)%

b (1—5z) 2

¢ (1+32)7

d (1-4a)7

e (1—7z)7

f (1 + \/izc) :

g (1+ ax)%

h (1-bx) 2"

1

5 a Find the first three terms in the expansion of ———.
(4z2+4z+1)

b Find the values of « over which this expansion is valid.

Saying ‘an expansion is valid’ is another way of saying
that it converges.

6 a Use the binomial expansion to show that , /1 + % =1+ 1—% - %.

b State the range of values for which this expansion converges.
¢ Deduce the first three terms of the binomial expansion of:

i \/1—g
i1+ (3)°

iii /9 + 2

d Use the first three terms of the expansions to find an approximation for \/ﬁ to four
decimal places.
7 a Find the first four terms of 4/1 — 4z in ascending powers of z.
b State the range of values for which this expansion is valid.
¢ Hence approximate \/% to 5 decimal places.
d Hence approximate 1/0.006 to 4 decimal places.

8 The cubic term in the expansion of (1 + az) ~2 is —25623. Find the value of a.
9 Given that the expansion of (1 + a:z:)n is 1 — 12z + 90z2 4 ba3 + . .. find the value of b.

10 Given that the expansion of (1 4 am)" is]l —x — “’2—2 + bx3 + ... find the value of b.



7.4 Binomial expansion of (a + z)" for values of n that are not positive
integers

WORKED EXAMPLE 7.4

Expand (4 — 333)_3 in ascending powers of , up to and including the term in z3 and state
the range of values of  for which the expansion is valid.

Answer

(4-3z2)"° = (4)7°

4) (_3_,6)2

2!
(=3)(4)(=5) (303
+— — (T —}

= é[l—ﬁ—%x—i—%ﬁ—k%x?’v&..}

1, 9 ., 2192, 135 .3
= Tt 3T ot

EXERCISE 7D

1 Expand each of the following up to and including the term in x3. State the range of
values for which each expansion is valid.
_1

a (9—4x) >
b (8+3x)7
1
¢ oy
d Vi—«z
1
(3—2z)*
£ (24xz)"

2 Expand each of the following up to and including the term in z2.

a (2+5z)(1—3z)"°
T3z
(1-2)7
(2-2%)”
(z+4)°

1
Vitz’

3 Find the first three non-zero terms, in ascending powers of &, in the expansion of
stating the range of x for which this is valid.
4 a Find the first three terms of the binomial expansion of v/8 + .

b Hence find an approximation for v/8100 to two decimal places, showing your
reasoning.



5

Find the first four terms in the expansion of each of the following in ascending powers of
x. State the interval of values of  for which each expansion is valid.

a v/8—16z

2
b 2—x
1
¢ ey
d 433
Vi
e 1+8z
12
(v3-z)'

. ) . . . VIT2
Find the first three terms in the series expansion of a ki f and state the range of values

—T

for which the series is valid.

2+

Vi—2z’

1
Show that for small values of z, the expansion of (2 — 5z) (2z +1) 2,
2 —Tx+ 8z — La3.

Find the coefficient of 22 in the expansion of

m‘<2.

1 .
:L"<5ls

Expand % in ascending powers of « up to the term in z3.

1

Expand (1 —x+ :1:2) 2 as a series in ascending powers of  up to and including the

terms in 3.



7.5 Partial fractions and binomial expansions

WORKED EXAMPLE 7.5

Given that f(z) = , express f (z) in partial fractions and hence obtain the

T
(3—2z)(2—x)
expansion of f (.'L') in ascending powers of x, up to and including the term in z3. State the
range of values of x for which the expansion is valid.

Answer
T - A B
(3—2z)(2—z) 32z Tz Multiply throughout
by (3 —2z)(2 —z)
= A(2—2z)+B(3—2x) (1) Letz — 2 in
equation (1).
2= B Letx = % in
lj = -2 equation (1).
1
7 = 24
A = 3
1 1
(3—2z)(2—2) = 33295 a 231 =3(3-2z)  —-2(2-2) Simplify.
— -1 2.\ 1 -1 1)1
= 33) (1-2z) -2(2) (1-32)
_ 2.\ ! 1.\ L
= (1-2z)" - (1-1a)
(1-32)"

= 14 (1) (- 20) + U 2y

COCAY (g2,
22)%1 .

= 1+§m+gm2+%m3+...

(1-42)”

= 14 (-1) (—de) + U (1a)?

—1)(—2)(-3 3
+ EUEED (C1g)y

= 1+%m+%$2+%$3+...

So:
f(z) = (1+§x+%w2+%x3+...)f(1+%x+%x2+%x3+...)

flz) = ie+ La?+ 3Ll 4 ...

(1—22) " isvalid for |22 < lie. — 4 <z <

(1 — %az)_l is valid for |%x] <lie —2<z<2

The expansion is valid for the range of values of x satisfying
both—% <az<%and—2<$<2.




Y

ta s —
[

|
3
2 -3 0

3

Hence the expansion is valid for — 5

<z <

|

3z+2

a Decompose (e

into partial fractions.

3z+2
(z+1)(2z+1) °
¢ Write down the set of values for which this expansion is valid.
5z+8

b Hence find the first three terms in the binomial expansion of

a Express [PEmIeEsy in partial fractions.
b Find the first three terms, in ascending powers of x, in the binomial expansion of
52+8
(2—z)(z+1)*

¢ Find the values of x for which this expansion converges.
Find the first three terms of the binomial expansion for S S—
(142z)(1+2z)
. 3 3
Split FrvEw——y Bz +6a+1
up to and including the term in 3. State the values of x for which the expansion is valid.

% in partial fractions.
—x)(z+

into partial fractions and hence find the binomial expansion of

a Write

3416
(3—z)(z+2)*
¢ Write down the set of  values for which this expansion is valid.

b Hence find the first three terms in the expansion of

. . _ 443z
It is given that f (z) = T
a Express f(z) in the form % + Hi%’ where A and B are integers.

b i Find the first three terms of the binomial expansion of f (z) in the form
a+bzr+ cx2, where a, b and c are rational numbers.

ii Explain why the binomial expansion cannot be expected to give a good
approximation to f(—0.5).




END-OF-CHAPTER REVIEW EXERCISE 7

1 Write ;‘”(2—_“2 in terms of partial fractions.

A c __ =5 : -
@ 2 Giventhat 4 -+ = z+b t o T GroneTg . Prove that if f () is linear then
A+ B+ C = 0
3 a Find the first two terms in ascending powers of x, in the expansion of \/ fjf;x .

b Over what range of values is this expansion valid?
¢ By substituting £ = 0.01, find the approximation to 4/15 to two decimal places.

@ 4 Is it possible to find a binomial expansion for v/ — 1?

1
1422422

6 Find the first three non-zero terms in ascending order in the expansion of

vV1—xy/1+ 2.

7 The first three terms in the binomial expansion of —2 -+ L__ are 2 — 6z + 1522.
(14-az) (1+bx)

5 Find the first four terms in the expansion of

Find the values of @ and b.

1+2x

8 a Find the first three non-zero terms of the binomial expansion of 4’ T

b By setting z = 0.4, find an approximation for \3/§ to five decimal places.
9 Given that the expansion of (1 + az)” is 1 — 9z + 54z + ba? find the value of b.

10 Find the first three terms of the expansion of

11a f(z) = 7=
and C and state the set of values of x for which this converges.
1

x

¢ f(z) can be written in the form P + % + TRz + ... Find the values of P, @ and R and
state the set of values of x for which this converges.

1tz +z2'

b Show that f(z) can be written in the form

d Use an appropriate expansion to approximate % to four decimal places, showing
your reasoning.

e Use an appropriate expansion to approximate % to five significant figures, showing
your reasoning.

@ 12 In spe01a1 relativity the energy of an object with mass m and speed v is given by

E = -2 where c ~ 3 x 108 ms™! (the speed of light).

1,”_
2

a Find the first three non-zero terms of the binomial expansion in increasing powers of
v, stating the range over which it is valid.

Let F5 be the expansion containing two terms and FE'3 be the expansion containing
three terms.

b By what percentage is F/3 bigger then Fy if v is:
i 10% of the speed of light
ii 90% of the speed of light?

¢ Provethat E > F3 > Es.



This chapter is for Pure Mathematics 3 students only.

B Use the derivative of tan~?! x.

B Extend the ideas of ‘reverse differentiation’ to include the integration of m

kf’ (z)

f(z)

B Integrate rational functions by means of decomposition into partial fractions.

B Recognise when an integrand can usefully be regarded as a product, and use integration by
parts.

B Recognise an integrand of the form

, and integrate such functions.



8.1 Derivative of tan ! =

Product rule:

d — g du dv
E’UXU =v dz tu dz
WORKED EXAMPLE 8.1
Differentiate with respect to .
a y=xtan ! 22
b y=tan! (e3’”)
c y=4tan! (3m4)
Answer
_ -1 .2
a Y=z tan " x Use the product rule: u =
v=tan 1 z2
d _ .
d—g =tan ! 22 x 1+ (%(tan ! (:1:2))) Use the chain rule.
dy =tan ! 22+ 2z x &
dz 41
dy _ -1 .2 222
= tan™ xz“ 4+ "
_ 1 3z
b y = tan (e ) Use the chain rule: u = e3*
dy _ dy  du =tan lu
dz = du < dz Y
dy 1 3z
dz ~ &1 x 3e
ﬂ o 3e31
de = ezl
- -1 4
¢ y =4 tan (33@ ) Use the chain rule: u = 3z*
dy _dy o du y=4tan lu
dz = du dz
dy 1 3
dz 4 x PENERES 12z
ﬂ 4823
dz =~ 9x8+1

. d
Chain rule: — =
dx

dy
du

du
dz




Differentiate with respect to x.
a tan! 6z

b tan! %m

c tan! 2%
d tan™! (3z—2)
-1 .3

e tan T
f tan! (3“')

z—1

Differentiate with respect to x.

a 3z tan! 2z

tan ! 4z
T

e ?tan"! 2z

o

-1
etan T

tan™! (In z)

= 0 Q& O

z

Find the equation of the tangent to the curve y = tan~! (3

), at the point where x = 3.

Find the equation of the normal to the curve y = tan~! 3z, at the point where ¢ =

2

, _ & dy \2
Given thaty = z — tan™! , show that <= = 2z <1 — —y> .
dz dz



. 1
8.2 Integration of o

O

/

z2+a?

1 _dz = %tan_l % +c

WORKED EXAMPLE 8.2

V3
Find the exact value of / 1_dz.
0 r2+9
Answer
V3
1 1 -1 z V3
/O‘ 2249 dX = |:§ tan §j|0
_ (1 1 V3 1 -1
= (§ tan T) — (§ tan 0)

1

/0«/3

Do not confuse this type of question with

would be worked out using partial fractions after writing:

(@=3)(@+3)

V3
z21__9 which

EXERCISE 8B

1 Find the following integrals.

1
422416

dz

-/
/
/
/
/
/

1 dz

b 1+9z2

1
z2+36 dz

e

1
4z2+5 dz

1

9x2+3 dz

o

1
9+2z2

f dx

2 Find the exact value of each of these integrals.




0
1
a / L
-3
1
2
b /0 241 dz

& 3

3 The diagram shows part of the curve y =

4x;1+ 7 - Find the area of the shaded region
giving your answer to 3 significant figures.

¥




kf' (x)
f(x)

f) .
/f(a:)dw =In |[f(z) |+¢

/kf(g)dxzkln | f(z) |+¢

WORKED EXAMPLE 8.3

8.3 Integration of

Find / tan z dz.
Answer
COoS T

/tan z dzx Write tan ¢ = 2.2

Iff(z) = cos zthen

f(z) = —sinz

A= [ @
/tanxd:z:—/ O /f(z) =—In |f(z)|+¢

/tan zdr = —In cos z+c

—In cos « can be written as In (cos ) " orln (sec z). Do

not confuse In (cos ) ' with In cos™ z.

I )

EXERCISE 8C

1 Work out the following integrals.

/ CcOS &
a — dz
1+sin x
2
b/ m dz
1+ 23
/cotmdm
eSE
dzx
/4+ez
23:1:
/ © dx
5—e¥

/ tan 3z dz

(o]

=8

(o]

)



2 Evaluate each of the following integrals, giving your answer in an exact form.
2 z
e
/ dz
1 et —1
5
z—2
b / P2 g
s x2—4z+5
1

/;” sin 2z
c —dz
o l4cos 2z

5

2x

3 Show that / ] dxz = In k where k is an integer to be found.
2 L% —

@ 4 Calculate the area of the shaded region in the graph represented by

B cos z ) ) ) cos T )
————dx, where B is the intersection of the graph y = —————— with the
0 2+ 3 sinx 243 sinz
x-axis. Give your answer as an exact value in the form a In b.
VA
1 -
o COX
/ 2+ 3sin
ol B .
% ' t
4

(22 —-3)vVz? -3z +3

) 22 — 3z + 3 dz = ay/b+ c, where a, b and c are integers to

@ 5 Show that
be found.

6 a Find the area of the region enclosed by the curve with equation y = tan z, the x-

axis and the linesx = 0 and x = —.

b Find the volume generated when this area is rotated about the z-axis.



8.4 Integration by substitution

WORKED EXAMPLE 8.4
4

. . _ . 6z
Use the substitution © = 2z + 1 to find / . oz dz.

Answer
u:2m+1:>w:%(u—1)
u:2a:+1:>g—Z:2:>d:c:%du

r=4=u=24)+1=9

Find the new limits for wu.
z=0=u=2(0)+1=1

=4
/ ! / Write the integral in terms of u and
0 2z+ simplify.
3
/ —(u 7 s )du
2
_ % (u AT 2 )du Integrate with respect to u.
1
9
— % [%u% _ zuﬂ Evaluate the function at the limits.
1

Note that, given the choice, the same answer would be
obtained by using u? = 2z + 1 throughout this question.

EXERCISE 8D

1 Use the given substitutions to find the following integrals.

a /x 2\/_d:z: z = u?
b / L _dz,3z+4=u
(3z+4)
/sin (;71‘—2 )d:I:, 3T — %m—u
/w(w—1)5dw,w=1—|—u

e /szx z=1Inu

(o]

-8



1 .2
f /3ﬁ+4zdm,w—u

g /3:1:\/w+2d1:,51::u2—2

h/ * _dx,z =3+ u?
z—3

i / L dz, z = e*
zInz

. 1 PN
j /ﬁdm,m—2smu

2 a Use the substitution £ = tan u to show that /

1 _ 1
1+7d:1:—tan z+k.

b Use the substitution z = In u to find / < dz.

1+4eX

3 Use the given substitutions to find the following integrals.

1
T
a / —“—dr,z= Inu

14e?
0

16
1 2
b /9 xqﬁdm,m—u

2

c /w(m—1)2dm,a}:1—|—u
1

d /ZJJ\/.’E—I dz,z=14u
1

1
1 .
e ——dz,z =2 sin u
/0 Vi—e?

9
2 _
f /Gmdx,x—5+u

4
g / V16 —z2dz,z = 4 sin u
4

6
h/ L _dz, z =2 tan u

1 442

2

€
i L _dz,z=e"
z(ln z)
j / L —dz,z = sinu
0 (1-22)2

8
k —1 _dz,z=1u?
/1z(l+\3/5) T, T=1u

1
2

4 Use the substitution z = sin® u to calculate / , /%dm.
0

o= @

5 Use the given substitutions to find the following integrals.

a /2w(m2+1)3dw,u:m2+1

b /:c\/4—|—:c2dm,u:4+m2



sin® z cos dz,u = sin x

d /tan z sec? z dz,u = tan x
/ 4

2z

V1=t

f cos® 2z sin 2z dz, u = cos 2z

6 Use the given trigonometric substitutions to evaluate the following infinite and
improper integrals. Give your answers as exact values.

o0
a/ 24d:1: x=2tan u
0 T
o0
b/ 92+4dm:1:— tan u
o
1
dz, z = sin’u
/w—
o0
d/ —1 _dz,z=tanu
1 (1+22)2

d:z: T =sec u

[,

7 Use the given substitutions to evaluate the following definite integrals.

3
a i /4w(2az+1)3dm,u:2az+l

6x(3z —2)* dz, u = 3z — 2

5

b i / cos x sin® x dz,u = sin x
0
s
4

ii sec® ¢ tan® x dz,u = tan x

0
3 2

c i /(4L) de,u=4—=z

3
ii / w—SQdm,u:$+2

2 1 2
8 Use the substitution x = e* to find / w d

2z Z.

In 3

2
9 By using the substitution © = €%, find the exact value of / dz.
0

e“re
. . . . d
10 Find the equation of the curve which has gradient d—z = 3 tan x and passes through the

point (0, 4).

Az+B

11 a Giventhaty = etl f1nd . Give your answer in the form , where A and B

N

2(z+2)
are integers.
€T

The diagram shows part of the curve y = 3
(z42)2

b Find the coordinates of the stationary point on the curve.

¢ Find the shaded area enclosed by the curve, the z-axis and the lines £ = 2 and

rz="1.



Ly




8.5 The use of partial fractions in integration

WORKED EXAMPLE 8.5

. T
Flnd/m dz.

Answer

z _— A B

29 = 23 218
z=A(x+3)+ B(z—3)

Let

rz=3 3:6A:>A:%

Let

rz=-3 —3:—6B$B:%

. T . 1 1
'/ﬁgd"x o /(2@3) + 2(m+3))d$
1 1 1
_ 5/(13+x—+3)d””

il|z-3+LInjz+3+c
_ iln |[(z—3)(z+3)|+¢
%ln ’x2—9‘+c

First split into partial fractions.
Multiply throughout by
(x+3)(x—3).

EXERCISE 8E

1 Find the following integrals by splitting them into partial fractions.

. 5z—29
al / a1 1

. 27
1 / e 9%

3222

6x+2
(z—1)% (z+3)
—(2z+5)

") enre

b i / 21_1 dx
ii / > de
1-2z
c i /($_2)(1_m) dx
s 3z—1
u / oyia) ®
d i / 3(2z2+2z:—3) de
343z
i / 4o’ 5et2 g




a Write % as a sum of partial fractions.
z*+z—6

. 5 .. .
b Hence find / ——— dz, giving your answer in the form In [f(z)] +c.

1
dz.

Find the exact value of / 24
0% —4

a Split Py into partial fractions.

1
b Given that / 5= _dg = In k, find the value of k.

9t p— 2
O+zz

4
. 8—3x s . 1
Find the exact value of / ) gy dz. Give your answer in the form In p+ 7

where p and g are rational numbers.

a Write % in partial fractions.
7
b Hence find, in the form Iln k, the exact value / 5 dg.
5 (z—1)(z+2)
a
Given that / 1_2762 dz = 2, find the exact value of a.
—a
The region bounded by the curve with equation y = % , the z-axis and the

lines with equations £ = 0 and « = 2 is rotated through 27 radians about the x-axis.
Calculate the volume of the solid of revolution formed.

2z+1

a Express m

in partial fractions.

1

2x+1 _ _3
b Hence show that /0 T dz = 5 In 2.



8.6 Integration by parts

WORKED EXAMPLE 8.6

o0
Find / re **dx where a is positive.

0

Answer

0@}
/ ze “dx
0

dv
dz

u=z= =1
dz

Begin by finding the integrals
from O to s and then consider
their limits as s —00.

o S . .
e =v=—2e ™ Substitute into

fu%dmzuv—fvg—zdm

S
i 1
ox (~2)e ]y~ [ 1x (__)eawdm
a 0
0 a
(_l)sefas o Le*‘ll‘ ’
a a2
_%sefas o %efas + %
s —>ooe % — 0sel"®) -0

1
a2

1 Use integration by parts to integrate the following functions with respect to x.

2 Use integration by parts to integrate the following functions with respect to x.

a xsinx
b 3xé”

c (z+4)e”
a xe¥

b =z cos 4z
c zln2x
3 Find:

a /:c5 In 3z dzx
me2$+1 dJI

c In 22 dz

— —

4 Find the exact values of:
C

z In xdz
1

a

™

o=

c

— —

z sin %m dz
0



c /w”lnmdm (n>0)
1

Find/w tan~! z dz.

Find the area bounded by the curve y = xe™?, the x-axis and the lines z = 0 and x = 2.
Find also the volume of the solid of revolution obtained by rotating this region about the
IT-axis.

Find the area between the z-axis and the curve y = z sin 3z for 0 < x < %7‘(’. Leave

your answer in terms of 7. Find also the volume of the solid of revolution obtained by
rotating this region about the x-axis.

5}
Find the exact value of / 3z% In (2z)dz.

1
The region R in the diagram is enclosed between the graph of y = In x and the z-axis
between x = 2 and z = 5.

Vi

[\_‘,- EEEEN
[ R —

=

a Find the shaded area between the curve and the y-axis.
b Hence find the exact area of R.



END-OF-CHAPTER REVIEW EXERCISE 8

1 a Use the identity cos? = + sin? z = 1 to show that cos (sin_1 m) =+1-—z2.

b The diagram shows part of the curve y = sin . Write down the x-coordinate of the
point P.

Y A

a

P
0 X

¢ Find the red-shaded area in terms of a, writing your answer in a form without
trigonometric functions.

a

d By considering the blue-shaded area, find / sin"! zdzfor 0 <a<1.
0

2
2 Find / z3 In z dz, giving your answer in the form In p —q.
1
3 A curve is given by parametric equations £ = cos t, y = sin 2¢, for 0 < t < 27. The
curve crosses the z-axis at point A, and B is a maximum point on the curve.

P
A

a Find the exact coordinates of B.
b i Find the values of ¢ at the points O and A.
ii Find the shaded area.
4 Use the given substitution and then use integration by parts to complete the integration.

a /cos_1 xdz,x = cos u
b /ta,n_1 rdx, x = tan u

C /(ln z)’de, z = e

1

In2
5 a Show that the substitution y = e™® transforms the integral / 1+?dm to
0



1
1
/ | i W
2

In 2
b Hence, or otherwise, evaluate / T J:gﬂ dz.
0
6 a Find/a: In z dz.
2 3"
b Show that —1 = X % and hence evaluate / — L ___dz using
SIn £ COS T tan 1 SIn r COsS T

substitution with © = tan x.

7 a Differentiate xv/2 — x with respect to x.

b Find/:z:\/2—mdm:

i by using the substitution 2 —z = u
ii by integration by parts.

4
2
8 Calculate the exact value of / w;+ - dz.
1
1
57‘!’
9 Use the substitution © = sin x to calculate the exact value of / sin
0

10 This sketch shows part of the graph of the function y = & sin x + cos x. The point
labelled A is the first stationary point with £ > 0, and has coordinates (:I: A, Y A)-

3 2 cos zdz.

YA

" J

a Find the coordinates of the point A.

b Find the exact area enclosed by the graph of y = = sin = + cos z, the z-axis, the y-
axis and the linex = x 4.

2

3 2

11 Calculate / %dm, giving your answer in exact form.
1



Vectors

This chapter is for Pure Mathematics 3 students only.

B Use standard notations for vectors in 2-dimensions and 3-dimensions.

B Add and subtract vectors, multiply a vector by a scalar and interpret these operations
geometrically.

B Calculate the magnitude of a vector and find and use unit vectors.

B Use displacement vectors and position vectors.

B Find the vector equation of a line.

B Find whether two lines are parallel, intersect or are skew.

B Find the common point of two intersecting lines.

B Find and use the scalar product of two vectors.



9.1 Displacement or translation vectors

WORKED EXAMPLE 9.1

— -2 4
Points A, B and C are such that AB = ( 3) and ﬁ = ( 1 ) . Find the unit displacement

—
vector in the direction CB.

Answer
- = —
B=CA+AB Substitute column vectors and sum
components.
e —4 -2
5-(1)-(5)
1 3
_]__:f _ ( —6 ) Now find the magnitude by applying
4 Pythagoras’ theorem.

‘E}]_3>‘ — /52 Divide each component by the
magnitude of CB.

CB= [ Y7 | or

V52
A
etc.

EXERCISE 9A

2
1 a Find a unit vector parallel to | 2
1
4
b Find the unit vector in the same direction as -1

2v/2

Q

You may need to review geometrical properties of
special quadrilaterals when doing this exercise.

2
2 Giventhata= | 0 | andb = | 1 |, find the value of the scalar p such that a + pb is

parallel to the vector | 2
3
— —
3 In the parallelogram ABCD, AB = a and AD = b. M is the midpoint of BC', @) is the



point on the extended line AB such that BQ) = %AB and P is the point on the extended

line BC such that BC' : CP = 3 : 1, as shown on the diagram. Express the following
vectors in terms of a and b.

P

b M

0

=Y

ii

ii

slelsl el sl

ii

Remember to use the correct notation when giving

explanations. For example, CB is the translation vector
from point C to point B. CB (or BC) is the (geometrical)
line between point C and point B.

For the coordinate sets given, determine whether the three points A, B and C are
collinear. If they are, find the ratio AB : BC.

a A(2,1),B(-11,14),C (4, 3)
b A(4,2ad),B(1,3a+2),C(10,4)
C A(a2+2a,3),B(a2+a—1,1),0(3a2+2a—2,4a—1)

ﬁ = < i) and C—A> = ( ;?) . Show that A, B and C are collinear and find the ratio

Points A and B have coordinates A (10, 1) and B(2, 7). Point C lies on the line segment
ABsuchthat AC : BC=x:1—z,where(0 < z < 1.

a Find the coordinates of C, in terms of .
b Point D has coordinates D (3, 2) and CD = /26 . Find z.

The vertices of a quadrilateral PQRS have coordinates P (-2, 1), Q (5, —3), R(6, 0)
and S (—1, 5).The midpoints of the sides PQ, QR, RS and SP are A, B, C and D. Prove
that ABCD is a parallelogram.

ABCD is a parallelogram with ﬁ = p and ]_36> = q. Let M be the midpoint of the
diagonal AC.

H .
a Express AM in terms of p and q.
b Show that M is also a midpoint of the diagonal BD.
Four points have coordinates A (2, — 1), B(k,k+1), C(2k — 3,3k + 2) and
D (k—1, 2k).
a Show that ABCD is a parallelogram for all values of k.
b Show that there is no value of k for which ABCD is a rhombus.

—> —

10 OAB is a triangle with OA = a and OB = b. M is the midpoint of AB and G is a point on

OM such that OG: GM = 2:1. N is the midpoint of OA. Use vectors to prove that the
points B, G and N are collinear.



11 Points M and N have coordinates M (—6, 1) and N (3, 5). Find a unit vector parallel to
MN.

12 Points P and Q have coordinates (1, — 8) and (10, — 2). N is a point on PQ such that
PN:NQ = 1:2.

a Find the coordinates of N.

— — -
b Calculate the magnitudes of OP, ON and PN. Hence show that ONP is a right angle.



9.2 Position vectors

WORKED EXAMPLE 9.2

2 1
Points A and B have position vectorsa=| 2 | andb=| —1
1 3
Point C lies on AB such that AC to BC'is 2 : 3.
Find the position vector of C giving your answer:
a as a column vector
b in terms of scalar multiples of the base vectors i, j and k.
Answer
4 ) ? ) .
C To find OC, first draw a diagram.
a B
b
0
— — —
OC = OA+AC
— —
0C — OA+ 2AB
— — =
AB = AO+OB
. -2 1
AB = [ 2|+ -1
-1 3
_> _1
AB = -3
2
-1
oC = |2|+2| 3
2
8
5 8
oC — | 4 1
a oC = s lorz |4
9 9
5
as a column vector
b 0C = 1(si+4j+9k)

Vector diagrams do not have to be accurate nor drawn to
scale.

!

EXERCISE 9B



4 2

Points A and B have position vectorsa= | 1 | and b= | —1 |. C is the midpoint of
2 3

AB. Find the exact distance AC'.

Points A, B and C have position vectors a = i + 3j — 4k, b = 3i + 2j + 2k and

c = —3i+ 3j+ 4k.
a Find the position vector of the point D such that ABCD is a parallelogram.
b Prove that ABCD is a rhombus.

Points A, B and C' have position vectors a = —7i + 11j + 9k, b = 13i — 4j + 14k and
c=3i+j+4k.

a Prove that the triangle ABC is isosceles.
b Find the position vector of the point D such that the four points form a rhombus.

Points P and () have position vectors p = 4i — j + 11k and q = 3j — k. S is the point
on the line segment PQ such that PS : SQQ = 3 : 2. Find the exact distance of S from
the origin.

Points P and () have position vectorsp = 2i—j— 3k andq =i+ 4j — k.
a Find the position vector of the midpoint M of P(Q).
b Point R lies on the line PQ such that QR = QM. Find the coordinates of R.

Given thata =i—j+ 3k and b = 2¢i + j + ¢k, find the values of the scalars p and g such
that pa + b is parallel to the vector i+ j + 2k.

Points A and B have position vectors a and b. Point M lies on AB and
AM : MB = p: q. Express the position vector of M in terms of a, b, p and q.

In the diagram, O is the origin and points A and B have position vectors a and b. P, Q
and R are points on OA, OB and AB extended such that
OP:PA=1:4,0Q:QB=3:2and AB:BR=5:1.

A

Prove that:
a PQR is a straight line
b Qs the midpoint of PR.



9.3 The scalar product

WORKED EXAMPLE 9.3

—
IfBA=2i+3j—kand ﬁ = —i+ 2k find the angle BAC between the two vectors, to 3
significant figures.

B C

Answer

ﬁﬁ = ‘ﬁ‘ ‘ﬁ’ cos BAC

AB.AC = 1/(-2)+(-3)*+ (1) /(1) + 07+ (2)* cos BAC
(—=2) (1) +(=3) (0) + (1) (2) = V14+/5 cos BAC
4 = \/14+/5cos BAC

BAC = cos! -4
BAC = 614°

a.b is the same as b.a

0 TIP

The scalar product of two vectors is a.b = |a| |b] cos 6.

0 TIP

The angle between two vectors is defined to be the angle
made either when the direction of each vector is away from
a point or when the direction of each vector is towards a
point.

EXERCISE 9C

1 Which of the following vectors are perpendicular to each other?

a 2i—3j+6k
b 2i—3j—6k
c —3i—6j+2k
d 6i—2j—3k

2 Use a vector method to calculate the angles between the following pairs of vectors,
giving your answer in degrees to one decimal place, where appropriate.

+ (D)= (3)



6
-1
d 4 | and 0
5 -3
e 2 | and
-3 —4
2 5
f —1 ]| and | -2
3 —4

Find the angle between the line joining (1, 3, —2) to (2, 5, — 1) and the line joining
(-1,4,3) t0 (3,2, 1).
—4 t
Find ¢ if t and t are perpendicular vectors.
1-—t —6—1t
ABCD is the base of a square pyramid of side 2 units, and V is the vertex. The pyramid is

symmetrical, and of height 4 units. Calculate the acute angle between AV and BC, giving
your answer in degrees correct to 1 decimal place.

Two aeroplanes are flying in directions given by the vectors 300i + 400j + 2k and
—100i 4 500j — k. A person from the flight control centre is plotting their paths on a map.
Find the acute angle between their paths on the map.

6 -1
Find the value of t such that the variable vector 6|+t 2 | is perpendicular
10
4 -1
to the vector 2 | . Find also the angle between the vectors 2 | and 2
-7 3 -7

Give your answer in degrees correct to 1 decimal place.

The diagram shows the origin O, and points A and B whose position vectors are denoted
by a and b respectively.

B

o A

IR J

—
a Copy the diagram, and show the positions of the points P and Q such that OP = 3a
and OQ = a+b.

2 1 - ==
b Given thata = <0> and b = (1 ) , evaluate the scalar product OQ . BP.

¢ Calculate the acute angle between the lines OQ) and BP, giving your answer correct
to the nearest degree.

The diagram shows a triangular pyramid OABYV, whose base is the right-angled triangle
OAB and whose vertical height is OV. The perpendicular unit vectors i, j and k are
directed al_o>ng OA, _O)B and OV as shown, and the position vectors of A, B and V are

—
given by OA = 10i, OB=8j, OV = 6k.



A

The point M is the mid-point of VB. Find the position vector of M and the length of
OM.

The point P lies on OA, and has position vector pi. Show that the value of the scalar
product VB . MP is —14.

Explain briefly how you can deduce from part b that MP is never perpendicular to VB
for any value of p.

For the case where P is at the mid-point of OA, find angle PM B, giving your answer
correct to the nearest degree.



9.4 The vector equation of a line

WORKED EXAMPLE 9.4

a Find a vector equation for the line through (2, — 1) with gradient %.

b Hence find its Cartesian equation.

Answer
a The position vector of the point
) 2
(2, —1)is <_1>
— 2 4t 4 This is the vector equation.
-1 3
b — 2 +¢ 4 Write r as a column vector and collect
-1 3 together the x, y components of
the right hand side.
zy\ _ 2+4t This can be written as two equations.
Y —1+43t

t=2+4tandy = —1+3t Now eliminate t to find the Cartesian

equation.

3z —4y =10

The vector equation of the line is 7 = a 4 tb where a is a
point on the line, b is the direction vector of the line and t is
a parameter.

0 TIP

3
Be careful! The direction vector is not (4 since 4 units

. (4
across and 3 units up is )

EXERCISE 9D

1 Find a vector equation of the line which passes through (1, 4, 2) and (—2, 3, 3) and find
the coordinates of its point of intersection with the line with vector equation

1 3
r=|0]|+t]| -1
2 -1

2 Write down vector equations for the lines through the given points in the specified
directions. Then eliminate ¢ to obtain the Cartesian equation.



a (2, -3), <;>
b (4,1), <_3)

¢ (5, 7), parallel to the z-axis

d (0,0), <_i)
e (a,b), (;’)

f (cos a, sin a), (—sm a)

cos «

Write down the vector equation of the straight line:

a parallel to the vector 3i — 2j which passes through the point P with position vector
—i+]

b parallel to the line r = 2i+ ¢ (i 4+ 5j) which passes through point P with coordinates
(3’ - 1)

-3 -1
¢ which passes through the points with position vectors ( 4> and < 1)

d parallel to the z-axis and through the point (—2, 2, 1).

Find the value of the constant k if the two lines represented by the vector equations

3 k
r=| -1 |+¢t| 2| andr = —2i+4j+ s (6i+ 3j) are parallel.
0 0
B is at the foot of the perpendicular from a point A (2, 4, 3) on the line which joins the
1 3
points P and Q whose position vectors are ﬁ,} =12] and O—Q> = | 4 | Find the
4 5
coordinates of B.
11
Relative to a fixed point O, points P and Q have position vectors 5| and 7
-3 -3

respectively.
a Find, in vector form, an equation of the line L which passes through P and Q).
The point R lies on the line L. OR is perpendicular to L.

b Find:
i the coordinates of R
ii the exact area of triangle OPQ.

a Find (in i, j, k form), the vector equation r of a line whose parametric equations are
z=3t+2 y=2t z=—6t—5

b Show that the point (8,4, — 17) lies on this line.

3 1 0 1
The lines l; and s have equationsr= | 5 | +s 2 landr=]|2|+t| -1
1 —4 4 5

respectively.
a Show that l; and [y intersect, and find the position vector of the point of intersection.
3
The plane p passes through the point with position vector | 5 | and is perpendicular

1
tol;.

b Find the equation of p, giving your answer in the form ax + by + cz = d.
¢ Find the position vector of the point of intersection of [s and p.



d Find the acute angle between [l and p.
9 Find the distance of the point (1, 1, 4) from the line r = i — 2j + k +¢ (—2i +j + 2k).



9.5 Intersection of two lines

WORKED EXAMPLE 9.5

1 2
a Prove that the straight line L with equation r = 2 | +t| —1 | meets the line
-3 4
L, joining (2, 4, 4) to (3, 3, 5).
b Find the point of intersection.
¢ Find the cosine of the angle between the lines.
Answer
2 3—2 Simplify to find L.
a r=|4|+s|3—-4
4 5—14
2 1 This is Ls.
r=\|4]+s 1
4 1
1 2 2 1 Prove that L4 intersects L.
21+t -1 =4 +s]| —1
-3 4 4 1
2t—8=1 -mmoeeeems (1) Now write as a set of three
—t4 8 =2 mmmemene- (2) equations. Sets of three equations
At — § = T cmmmmmmmme (3) in two unknowns may or may not
have a solution.
2t =8 =1 -moomeenms (1) Select any two equations.
—t+ 8 =2 mmmmmmee- (2)

Check by substituting into (3).

4(3)—5 = T-mm- (3) True, so all 3 equations are
vo— 7 consistent with £ = 3 and s = 5.

.".The lines L7 and L5 intersect.

2 To find the intersection point,
b Li:r = 2|+t —1 substitute ¢ = 3 into L;.
-3 4

The intersection point is (7, — 1, 9).

C 2 1 2 1
—11]1.1-11]-= -1 -1 cos 0
4 4 4 1
2(1) ~1(-1)+4(1) = /2 + (1) + 4 x /1 + (~1)> + 1cos 0

7 = +/21+/3cos 6

cosf = Note: You do not need to find 6 in this question.




1

Find the point of intersection, if any, of each of the following pairs of lines.

1 -2 0 1
a r=|3|+s|-1],r=| 2 |+t] -1
1 2 8 1
1 -1 1 2
b r=| -1]|+s 2 |,r= 3|+t] -8
2 -1 -1 5

Two lines in
3-dimensional space could be:

e parallel
e not parallel but intersect
¢ not parallel and do not intersect (skew).

For each of the following sets of points A, B, C' and D, determine whether the lines AB
and CD are parallel, intersect each other, or are skew.

a A(3,2,4),B(-3,-7,—-8),C(0,1,3),D(-2,5,9)
b A(3,1,0),B(-3,1,3),C(5,0, —1),D(1,0,1)
¢ A(-5, -4, -3),B(5,1,2),C(-1, —3,0),D(8,0,6)

3 1 1 0
Two lines have equations r = 2|1+ 2 | andr= 0|+p| —1|. Show that the
-1 -1 -3 2

lines intersect, and find the acute angle between the lines.

Two lines are at an angle of 60° to each other. The first has equationr=| 4 [ +A] 0

and the second has equationr= | 4 | + A | 1 |. Find k.
2



END-OF-CHAPTER REVIEW EXERCISE 9

1 a Find a vector equation for the line joining (1,1) and (5, — 1).

1
b Another line has the vector equation r = <i> + <3> . Find the point of

intersection of the two lines.

2 The line /; has equation r = 3i+ aj — 2k + s (i+ j + k), and the line [/, has equation
r =i+4j+bk+t(i— 2j+ 2k), where a and b are constants. Given that the lines
intersect at the point A with coordinates (4, p, q):

a find, in any order, the values of a, b, p and ¢
b find the acute angle between the lines.

-1
@ 3 Find the intersection of the linesr = < > +s ( c?s a> and
0 sin o

1 —sina . . R

r = 0 +1 , giving your answer in a simplified form. Interpret your
COos &

answer geometrically.

@ 4 TFour points A,B,C and D with position vectors a, b, ¢ and d are vertices of a
tetrahedron. The mid-points of BC, CA, AB, AD, BD, CD are denoted by P, Q, R, U, V, W.
Find the position vectors of the mid-points of PU, QV and RW. What do you notice about
the answers? State your conclusion as a geometrical theorem.

5 Find a vector equation of the line I containing the points (1, 3, 1) and (1, — 3, — 1).
Find the perpendicular distance of the point with coordinates (2, — 1, 1) from L.

6 Determine whether the points with coordinates P (5, 1, — 6) and Q (=7, 5, 9) lie on the
line joining A (1, 2, — 1) to B(—3, 3, 4).

7 Vectorsr; and ry are given by r; = ti+ (2t — 1) j — k and
ro = (1 —1¢)i+ 3tj + (4t — 1) k, where t is a scalar.
a Find the values of t for which r;and ry are perpendicular.

When t = 2, rjand ry are the position vectors of the points P and Q respectively, with
reference to an origin O.

b Find PQ.
¢ Find the size of the acute angle QPO giving your answer to the nearest degree.

8 Find the exact distance of the point Q with coordinates (1, 2, 3) from the straight line
whose equation is r = 3i 4+ 4j — 2k + ¢ (i — 2j + 2k).

2 0
9 The points P and Q have position vectors | —1 | and 3 | respectively, relative to
-5 —4

the origin.
a Find in vector form the equation of line I.; which passes through P and Q.

6 T
The line Ly has equationr = —5 ] +t| —3 | where x is a constant. Given that I;
1 1

and L, intersect:
b find the value of x and the coordinates of the point where L and L intersect.

10 Find in degrees to the nearest degree, the obtuse angle between the lines with

; : 4—z _ ytl _ 3—2 z—2 _ Y _ z+b
Cartesian equations il and = = 5= —5-




Differential equations

This chapter is for Pure Mathematics 3 students only.

B Formulate a simple statement involving a rate of change as a differential equation.

B Find, by integration, a general form of solution for a first order differential equation in which
the variables are separable.

B Use an initial condition to find a particular solution.
B Interpret the solution of a differential equation in the context of a problem being modelled by
the equation.



10.1 The technique of separating the variables

WORKED EXAMPLE 10.1

Find the general solution of each of the following.
dy .
a - =zysinz
dy _ 2
b + =y°lnz
Answer
d .
a d—g =y sinx Separate the variables x and y.
1dy . .
iz —Tsnz Form integrals of both
sides with respect to x.
194 — [ 2 sin = dz Integrate each side.
Yy dz (Use integration by parts
for the right hand side.)

In |y = —=z cos :I?+/COS z dx

In |y = —zcosz+sinz+ec

Injy = sinz—zcosz+c

y=-e sin z—x cos z+c

y:esin T—TCOS T v oC Let k — eC.

y = ke sin z—x cos x

b dy _ 2 .

L =Y In x Separate the variables x and y.

1 dy 1 :

=4, = Form integrals of both

Y sides with respect to x.
1 dy dz = [ In z dz Use integration by parts for the right
y? dz hand side.

—yl=zlnz—z+c

% = —zlhz+z—c Let —c = k.

% = —zhz+z+Ek

_ 1
Yy = =n z+k

We studied integration by parts in Section 8.6.

0 TIP
/ln :cdx—>/1 In zdz




u= Inz %:%
dv __ _
L —l-v=z

u®de =uv— [ v&dx
dz dz

/ln zde=zlnz—x+c

Find the general solution of the following differential equations.
dy

a i o = 3sin 2x
T
es dy _ x
11 E = 4 COS (g)
d
b i 33 -2 =0
€T
.s z d
ii 4e> — d—y =0
€T
d
c i cos?zL=3
dz
. d
ii cot? z L =1
dx
d
di 222 =Ingz
dz
.s d .
ii cos?z L =sinz
dz
Find the particular solution of the following differential equations.
. dy 2 _ —
a i dx—\/m,y—2when:1:—0
.. d
i 2 =-—_ y=1whenz=3

dr ~ iz’
b i (m2+1)%:2x,y:0whenx:1

ii 22 =2>+1y=1whenz =1

. d
c i %e3xd—z:3,y:0whenx=0

i e2e-1 dy _ _1

ii e 4, — 4y =0whenz = 3

. dy _ . 3 _ 13 _ _
d i secz g =sin" z,y= ¢ whenz =02 =%

. d .
ii cos®z d—i’ =sin z,y =5 whenz = 7

Find the particular solutions of the following differential equations. You do not need to
give the equation for y explicitly.

dy sin =

; — — _
a i E—Cosy,y—OWhenzzz—g
i Yoo ) wheng =71
dx_seczy’y_ T3
. d
b i d—i/:a:Qy,yzlwhen:I::()
. ody oyt _
ii - =S,y=1whenz=1
. d
c i d—g:2e”’+2y,y:0whenm20
.. dy r—
ii ;- =e"Y,y=2whenz=0

Find the general solution of the following differential equations, giving your answer in
the form y = f(x), simplified as far as possible.

a i 2y%:3w2



s d
i 52 =2z

o
b i dy _
i =z =secy
ii (:1@—2)%=cos2 y
ci (2-1) L=z(y+3)
(lfzz)dy

i =Yty

5 Find the general solution of the differential equation = % +4 = yz, giving your answer
in the form y = f(z).

2

2y = w\/E+ v/1 — 22, where k is a constant to be found.
7 The population of fish in a lake, N thousand, can be modelled by the differential
equation % = (0.8 — 0.14¢t) N, where t is the time, in years, since the fish were first
introduced into the lake. Initially there are 2000 fish.

a Show that the population initially increases and find when it starts to decrease.

. d [1—y2 3
6 Given that d—y = —Y_ and that Yy = £ when ¢ = l, show that
x 1—z2 2

b Find the expression for N in terms of £.
¢ Hence find the maximum population of fish in the lake.
d What does this model predict about the size of the population in the long term?

. . . . . . d
8 Find the particular solution of the differential equation =Y = cos z cos? y such that

” 7T dz
y:theanK.



10.2 Forming a differential equation from a problem

WORKED EXAMPLE 10.2

In a simple model of a population of bacteria, the decay rate is assumed to be proportional
to the number of bacteria.

Answer

a

b Comment on one limitation of this model.

(ii_]er(N

dN __
W——kN

1 _
WdN——k:dt

1 dN -
Wga_/wa

In |[N|=—kt+c

In N=—kt+c

In 3000 = —k(0) +¢
¢ = In 3000
In N =—kt+ In 3000

1., 3000
kt = 1n N
_ 1 3000
t = - In N
1 3000
12 = k 1 1800

1
k—12 ln3

_ 1 5
lan—ﬁln st+ In 3000

1 5
N — ¢ 1 In 5t+n 3000

N=_—_1
e11—2 In %H»ln 3000

Using this model, as t increases, N
decreases and comes close to, but
never actually reaches zero bacteria.
This is unlikely to be the case in real
life.

a Let N be the number of bacteria after ¢ minutes. Initially there are 3000 bacteria and
this number decreases to 1800 after 12 minutes. Write and solve a differential
equation to find the number of bacteria after ¢ minutes.

The rate of decay is proportional to N.
Separate the variables N and t.
Form integrals of both sides.

Integrate each side.

Since N cannot be negative, we do not
need the modulus sign.

When t = 0, N = 3000

Whent = 12, N = 1800

O —




Initial conditions can be used to find the constant of
integration.

Write differential equations to describe the following situations. You do not need to solve

the equations.

a i A population increases at a rate equal to b times the size of the population (N )
ii The mass of a substance (M) decreases at a rate equal to three times the current
mass.

b i The rate of change of velocity is directly proportional to the velocity and inversely
proportional to the square root of time.
ii The population size increases at a rate proportional to the square root of the
population size (V) and to the cube root of time.

¢ i The area of a circular stain increases at a rate proportional to the square root of
the radius. Find an equation for the rate of change of radius with respect to time.

ii The volume of a sphere decreases at a constant rate of 0.8 m3s—!. Find an
equation for the rate of decrease of the radius.

A tank contains 1000 litres of water, which contains 15 kg of a dissolved chemical.
Water enters the tank from above at a rate of 10 litres/minute and the contents are
thoroughly mixed. The resulting solution leaves the bottom of the tank at a rate of

10 litres / minute. Using A as the amount of chemical (in kg) present in the mixture after
t minutes, form a differential equation and find how much of the chemical is in the tank
at the end of £ minutes.

A balloon is expanding and, at time tseconds, its surface area is A cm?2. The balloon’s
expansion is such that the rate of increase of A is proportional to ﬁ. When the surface
area is 1600 cm?, it is increasing at 80 ¢m? s 1.
a Form a differential equation using this information.

It is given that A = 400 cm? when t = 0.

b Find to the nearest second, the time when A = 1600 cm?.

A tree is planted as a seedling of negligible height. The rate of increase in its height, in

metres per year, is given by the formula 0.24/25 — h, where h is the height of the tree,
in metres, ¢ years after it is planted.

a Explain why the height of the tree can never exceed 25 metres.

b Write down a differential equation connecting h and t, and solve it to find an
expression for ¢ as a function of h.

¢ How long does it take for the tree to put on:
i its first metre of growth
ii its last metre of growth?

d Find an expression for the height of the tree after ¢ years. Over what interval of
values of ¢ is this model valid?

A quantity has the value A at a time ¢ seconds and is decreasing at a rate proportional to
VA.

a Write down a differential equation relating A and ¢.

b By solving your differential equation, show that A = (a — bt)2 where a and b are
constants.

Given that when t = 0, A = 400, find the value of a.

Given also that when ¢t = 20, A = 100, find the value of A when ¢ = 10.

(o]

Sometimes a problem has several variables and you
need to use the geometric context and related rates of
change to produce a single differential equation.



6 Alice is training for a race and, each day, she runs 15 km. On one particular day, after ¢
hours she had run x km. During the run, she decided to vary her speed so that the rate
of increase of £ was directly proportional to  multiplied by the distance she had left to
run.

a Form a differential equation for x.

b Given that after the first hour she had run 7.5 km, and that after 1% hours she had

run 10 km, solve the differential equation and use it to find the total distance she
had run after 2 hours.

7 A cylindrical tank with a cross sectional area 5 m? and height 4 m is initially filled with

water. The water leaks out of the bottom of the tank at a rate of 0.08\/E m3 s~1, where
h is the height of water in the tank after ¢ seconds.

dh
dt

b Hence find how long it takes for the tank to empty.

a Find an equation for in terms of h.

8 Newton’s law of cooling states that the rate of change of temperature of a body is
proportional to the difference in temperature between the body and its surroundings. A
bottle of milk has a temperature of 5°C when it is initially taken out of the fridge, then it
is placed on the table in the kitchen where the room temperature is 19°C. Initially, the
milk is warming up at a rate of 4.2°C per minute.

a Show that g—f = 0.3(19 — ), where §°C is the temperature of the milk and ¢ is the
time in minutes since the milk was taken out of the fridge.

b Solve the differential equation and hence find how long it takes, to the nearest
minute, for the temperature of the milk to reach the kitchen temperature, correct to
the nearest degree.

9 Consider the following model of population growth of an ants’ nest:

% = 1.2 N — 0.4 N2, where N thousand is the population size at time ¢ months.

a Suggest what the term —0.4 N2 could represent.

b Given that initially N = 1.5, solve the differential equation.

3
1+efl,2t °
Hence describe what happens to the population in the long term.

¢ Show that the solution may be written as N =



END-OF-CHAPTER REVIEW EXERCISE 10

1 Find the general solution of the equations:

dy _ 2z(y’+1)

a dz (z2+1)
dy _
b i tan x cot y

2 Find the equations of the curves which satisfy the following differential equations and
pass through the given points.

dy _  ylz+4)
A T T Toe—o (3,2)
dy _ 1
b — =cotz coty (ET(,O)
dy _ 14y’ 3
© T T e (3:2)
d L=y tanz (0, 2)
W Y )
3 Find the general solution of the differential equations:
a d+zH =2
dz
dy 1 _
b e’ — = Inz

dy d
c ycosz 2=2-yL

4 The size of an insect population n, which fluctuates during the year, is modelled by the
equation 42 dt = 0.01n(0.05 — cos 0.02t), where t is the number of days from the start
of observations. The initial number of insects is 5000.
a Solve the differential equation to find n in terms of £.

b Show that the model predicts that the number of insects will fall to a minimum after
about 76 days, and find this minimum value.

5 One model for the growth of bacteria in a petri dish is given by the differential equation
ﬂ = M where N is the number of bacteria (measured in thousands) present ¢
hours after the start of the experiment. Initially, N = 2.

a Determine a formula for N in terms of ¢.

b Determine the number of bacteria present after 1 hours, according to this model, to
2 significant figures.

¢ Describe the long-term behaviour of the number of bacteria predicted by this model.

6 The volume of a spherical balloon of radius 7 cm is V' c¢m3, where V' = 3 L3,

a Find 4.
dr
The balloon is filled in such a way that the volume, at time ¢ seconds, increases
according to the rule 42 dt = %. Initially, the volume of the balloon is zero.
+t

b Find ﬂ in terms of r and t.

¢ Solve the differential equation == 4V — _1600 4 gbtain a formula for V in terms of ¢.

A& (142)?
d Hence find, giving your answers to 2 significant figures:
i the radius of the balloon
ii the rate of increase of the radius of the balloon after 10 seconds.

7 A population of fish initially contains 250 fish, and increases at the rate of 10 fish per
month. Let N be the number of fish after { months. In a simple model of population
growth, the rate of increase is directly proportional to the population size.

a Show that % =0.04 N.

b Solve the differential equation and find how long it takes for the population of fish to
reach 1000.



¢ Comment on the long-term suitability of this model.

An improved model takes into account seasonal variation:

N _ 0.04 N (1+2.5 cos (L))

d Given that initially there are 250 fish, find an expression for the size of the
population after ¢ months.

8 A particle moves in a straight line. Its acceleration depends on the displacement as

follows: g—;’ = —8e %,

% in terms of £ and v.
Initially the particle is at the origin and its speed is 2 m s~!. The velocity of the

particle remains positive for ¢t > 0.

b Show that v = 2e 2%,
c¢ Find expressions for the displacement and velocity in terms of time.

a Find an expression for

9 Water is flowing out of a small hole at the bottom of a conical container, which has a
vertical axis. At time £, the depth of the water in the container is £ and the volume of the
water in the container is V (see diagram). You are given that V is proportional to z3, and
that the rate at which V decreases is proportional to \/5 .

a Express % in terms of x, ‘;—f and a constant.
b Show that x satisfies a differential equation of the form % = — i;, where A is a
z2

positive constant.

¢ Find the general solution of the differential equation in part b.

d Giver(l) that z = 4 whent = 0 and thatx = 1 whent = 1, find the value of ¢ when
z = 0.

10 The population of a community with finite resources is modelled by the differential
equation % = 0.01 ne %'t where n is the population at time ¢. At time ¢t = 0 the
population is 5000.

a Solve the differential equation, expressing In 7 in terms of ¢.
b What happens to the population as t becomes large?

11 An inverted cone has base radius 4 cm and height 10 cm. The cone is filled with water

at a constant rate of 80 cm?® s~1.

<— 4 cm—»

Oy

h
l Y
a Show that the height of water (h) satisfies the differential equation mh? % = 500.

b Given that the cone is initially empty, find how long it takes to fill it.



Complex numbers

This chapter is for Pure Mathematics 3 students only.

B Understand the idea of a complex number, recall the meaning of the terms real part,
imaginary part, modulus, argument, conjugate and use the fact that two complex numbers
are equal if and only if both their real and their imaginary parts are equal.

B Carry out operations of addition, subtraction, multiplication and division of two complex
numbers expressed in Cartesian form z + iy.

B Use the result that, for a polynomial equation with real coefficients, any non-real roots occur
in conjugate pairs.

B Represent complex numbers geometrically by means of an Argand diagram.

B Carry out operations of multiplication and division of two complex numbers expressed in
polar form 7 (cos 6 +i sin ) = rel’.

M Find the two square roots of a complex number.

B Understand in simple terms the geometrical effects of conjugating a complex number and of
adding, subtracting, multiplying and dividing two complex numbers.

B Illustrate simple equations and inequalities involving complex numbers by means of loci in an
Argand diagram.



11.1 Imaginary numbers

WORKED EXAMPLE 11.1

@ Without using a calculator (and writing your answers in their simplest form) find:

a —36

b /-7

c —72

d 62+ (6i)°
e —3i+(—2i)°
£ 121-2i-i241

g (216)7°

a /36 =136x-1=1+36 x+v/—1=6i
b /o7 =Tx—1=Tx+v/—1=iV7
c V/-T2=+36x2—-1=1+/36 xv2x /-1 =6iv/2

d 624 (6i)” = 6i> + 36i% = 42i% = —42

e _3i+(—2i)° = —3i—32i® = —3i— 32i = —35i

f 12i424i 361
V o _’\/7_3\/5

-3
9 i —93-18_1 1 _ 1
(21 ) 271 gi®* — -8 8

EXERCISE 11A

@ Do not use a calculator in this exercise.

1 Write the following numbers in their simplest form.
a /—169

64
b \/_m
c /=90
d V—64++/-16

2 Simplify:
a (—5i)® + 5i2
b 3i— (iv3)"

4

(o}

d —10
12i2

3 Solve:



a $2—|—%:0
b 3z24+4=0
c 1622+25=0



11.2 Complex numbers

WORKED EXAMPLE 11.2

One root of the quadratic equation 22 + px + ¢ = 0 is 2 — 3i. Find the values of p and gq.

Answer

I2fj)_113ei root is 2 — 3i, the other must be Use this to find the roots o

and f.
a+B=4andaf=(2+3i)(2—3i) =13

8(2) the equatioi can be written Any quadratic equation can be written in
e —4rx+13 =0

the form z2 — (sum of roots)z +
p=—4,q=13 (product of roots) = 0

Q

For any quadratic relationship
ax’+bx+c=0,
the roots a and B satisfy the relationships a + 8 = — % and
af = <.
a

EXERCISE 11B

@ Do not use a calculator in this exercise.

1 Ifp =2+ 3iand g =2 — 3i, express the following in the form a + bi, where a and b are
real numbers.

p+q

pP—q

pq
(p+qg)(p—q)
-

P +q
(p+4q)’°
(p—q)°

2 Ifr=3+1iands = 1— 2i, express the following in the form a + bi, where a and b are
real numbers.

r+ S
r—s
2r+s
r+ st
TS

= Qe = 0 o6 T e

[

Qe =™ 0 a0 o e
=

=0
=S 3o o« |3



i (I+i)r
k 1
1 =

S

3 If(2+1i)(x+yi) =1+ 3i, where x and y are real numbers, write two equations
connecting  and vy, and solve them.

4 Ifp=3+4i,q=1—1andr = —2+ 3i, solve the following equations for the complex
number z.

a ptz=gq
b 2r+3z=p
cC qz=r
d pz4+qg=r
5 Solve these pairs of simultaneous equations for the complex numbers z and w.
a (1+1)24+(2-)w=3+4
iz+ (34 J)w = —1+5i
b 5z—(3+i)w="7-1i
(2—1)z+2iw=-1+1i

6 Solve the following quadratic equations, giving answers in the form a + bi, where a and
b are real numbers.

a 224+9=0
b z2+42+5=0
c 22-624+25=0
d 222+224+13=0
7 Write down the conjugates of:

a 147
b —2-+i
c 5
d 3i

8 Find in the form a + bi (with b > 0) the complex number which satisfies the
simultaneous equations zz~ = 25 and z+ 2z~ = 6.

9 Find the quadratic equations which have the following roots:
a 1+4+2i,1—-2i
b 3+4i,3—-4i
c —1+iv5, —1—iVb
10 Find the real values of = and y, given that: z (1 4+ 2i) +y(2 —i) =4+ 3i
11 Find the complex numbers which satisfy the following equations.
a (1+i)z=1+3i
b 22 +42+13=0
c (1—i)z2—4z+(1+3i):0
1-i)z+(1+i)w=2
{(1+3i)z— (4+1i)w=3i

Use the quadratic formula.



11.3 The complex plane

WORKED EXAMPLE 11.3

Express:
a 5+ 12i in the form:
i r(cosf+isin 0)
i re
b e T in the form:
i cosf+isinf (—w<0<m)
ii a+1ib (a, beR)

Answer

a i z=5+12i1

r=lof = VB +122 =13
‘ca1r1t9:15—2

0 = 1.18 radians ( 3 significant
figures)

z=13 (cos 1.18 +1 sin 1.18)

i =138

boi % _os (= %) +isin(-%) Since cos (—6) = cos 0 and
sin (—60) = —sin 6.

=cosy —isiny

ii —ir

p— T _iqeinX
€ —COS4 1S1I14

_ 1.1
EEVCRG

= L(-3)

EXERCISE 11C

1 Points A, B and C represent i, 3 —i and 4 + 2i in an Argand diagram. D is the reflection
of C in the line AB. Find the complex number which is represented by D.
o 1 .. 1 o 1 .. 1
2 Ifs=2(cos 571;) + isin £7), ¢t =cos ¢+ m+1isin 7 and

u=4 (cos (— 5 71') +1 sin (— % 7r)) , write the following in modulus-argument form.

a st

b
c
d



3 Give the answers to the following questions in modulus-argument form.
a Ifs=cos §+1isinf, express s* in terms of 6.
b Ifs = cos 0+1i sinf, express % in terms of 6.
c Ift =r(cos @+1isinf), expresst in terms of r and 6.

d Ift =r(cos §+1isinf), express 1 in terms of r and 6.

(1+v/31)"

4 Writel++/3iand1 —1iin modulus-argument form. Hence express W in the form
—1
a -+ bi.

5 Show in an Argand diagram the points representing the complex numbers i,—i and \/§
Hence write down the values of:

a arg (\/§—i)
b arg (\/§+i)

V3+H
c arg e
2i
V3+H
6 In an Argand diagram, plot the complex numbers:
a eﬂ'i
1 .
b e Eﬂ-l
c 2!
d et
e e1-§—i
f e—1+i
g el

7 Ifz=cos §+1i sin 0, find the modulus and argument of €* in terms of 6.

8 Show these numbers on an Argand diagram, and write them in the form a + bi. Where
appropriate, leave surds in your answers, or give answers correct to 2 decimal places.

a 2(cos %ﬂ'—l—i sin éw)

b 10 (cos %ﬂ'—i—i sin %w)

c 5 (cos (— %ﬂ') +1 sin (— %w))
d 3(cos m+1isin m)

e 10(cos 2+1isin2)

f cos(—3)+1isin(-3)

9 Write these complex numbers in modulus-argument form. Where appropriate, express
the argument as a rational multiple of 7. Otherwise, give the modulus and argument
correct to 2 decimal places.

a 1+2i

b 3-4i

—5 4 6i

—7—8i

1

2i

-3

—4i

V2 — /2
i —1+4/3

10 Use an Argand diagram to find, in the form a + bi, the complex number(s) satisfying the

= Q = e a0

e



following pairs of equations.

a argz:%ﬂ', ‘z‘:2

b arg(z—3) = i, 2| =5
arg (z—4i)=m,|z4+6] =5

d arg (z—2):%7r, ‘z—|—2':3



o

11.4 Solving equations

WORKED EXAMPLE 11.4

Without

Answer

using a calculator:

a find v/16 — 301

b solve the quadratic equation (2 —i)2% + (4 +3i) 2+ (-1+3i) =0

(a+bi)® = 16 — 30i

a? + 2abi + b%i% = 16 — 30i

a? + 2abi — b2 = 16 — 30i

2ab = —30
b= 1
a?—1b2 =16

aQ—%:16

a* — 225 = 16a>

a* —16a% - 225 =0
(a® —25) (a*+9) =0
a’?—25=0

a==Lb

Ifa:5thenb:—?:

Ifa = —5thenb= — 12 =

-5

The square roots of 16 — 30i are 5 — 3i and

-5+ 3i

Method 1

(2—1)22+ (4+3i) 2+ (-1+3i) =0

—(4+31)%/(4+31)” ~4(2—) (- 1+3i)

z =

2(2—i)

—(4431)%/T+24i—4(2—1)(—1+31)

2(2—i)

—(4+31) 434
2(2—1i)

—(4+31)+(2—i)
2(2—1)

Expand the left hand side.

Equate imaginary parts.

Equate real parts.

Substitute for b.

Multiply through by a’.

Factorise.

Since a is real, a? +9 # 0.

Use the quadratic formula
witha =2 —1,b =4+ 3i,
c=—-1+43i

Use the method of finding
the square root in part a.




—2-4i

2= 209 % 225
12 —3-i

2= 5 O 55

Lo (1) (-3 2+H)

(2—1)(2+H) (2—1)(2+i)

_ —5i —5-5i

2= O3

z=—1or—1-1i

Method 2

(2—1)2% + (4+3i) z+ (—1+3i)
(24+1) (2—1) 22+ (2+1) (4 +31) 2+ (2+1) (=1 +3i)
522+ (5+10i) z+ (—5 + 5i)

22+ (1+2i)z+(-1+i)=0

B —(1420)%/(1420) ~4(1)(~1+)

= 2
—(142i) 4/ —3+4—4(—1H)
z =
2
—(142i) /1
2= ——"
2
-2 —2-2i
z= —-or —
z=—lor—1-—1

Multiply through by
2-1) =2+i

Use the quadratic formula
with
a=1,b=1+4+2i,c=—-1+1i

WORKED EXAMPLE 11.5

other roots.

Answer

22 4+223 +2224+102+25=0
(z—(—2+1i)) and (z — (—2 — 1))
(z—(=2+1)(z— (-2 -1))

(242 1) (242 +1)
(z+2)*+1

2% + 4z + 5 is a quadratic factor of
24+ 228 + 222 + 102+ 25.

Given that —2 + i is a root of the quartic equation 2* 4+ 223 + 222 + 10z 4 25 = 0, find the

If —2 + i is a root of the equation,
then the complex conjugate —2 — i
must also be a root.

These are the factors of the equation.

This is the product of the quadratic
factors.

Expand the brackets using
the difference of two squares.

To find the other quadratic factor, do
polynomial division.




22-22+5
22 +4z+5) 244223 +222 4102+ 25

2444234522 l

—223-322+102
223-822-10z
0
24 +22% +2224+102+25 =0 Factorise.
(2> +42+5) (2> —22+5) =0 Use the quadratic formula to find the
factors of 22 — 2z + 5.

2+, /I—41)(5
- N . (1)(5)
. Qi\;fl(i
z = 1+t

The roots are

24, —241,14+2,1-2

00 ©

For a quartic equation there could be:

¢ 4 real roots or
¢ 2 real roots and a pair of complex conjugate roots or
¢ 2 pairs of complex conjugate roots.

1 Find the roots z; and 2y of the equation 22 — 5 + 12i = 0 in the form a + bi where a
and b are real.

2 Write the following polynomials as products of linear factors.
22 +25

922 —6z+5

42 +122+13

24— 16

2t —822 -9

2 4+2-10

22 —322+2+5

24— 22— 2242

3 Prove that 1 +1iis a root of the equation z* + 322 — 62+ 10 = 0. Find all the other
roots.

4 Prove that —2 + i is a root of the equation z* + 24z + 55 = 0. Find all the other roots.
5 Letz = a -+ bi, where a and b are real numbers. If zi = ¢+ di, where ¢ and d are real,
prove that ¢2+d? = 1.
6 Find:
a the square roots of 84/3i — 8
b the fourth roots of 84/3i — 8

= Qa = 0 a 60 T »




c the value of (1+i)%

d the value of (\/§ + i) 60

7 Use the modulus-argument method to find the square roots of the following complex
numbers.

a 4(c0s%7r+isin%7r)
b 9(cos%7r—isin%7r)
c —2i

d 20i—21

e 1+4i

f 5—12i

8 Find the square roots of:

2
a €3

b e1+2i



11.5 Loci

WORKED EXAMPLE 11.6

A point P in the complex plane is represented by the complex number z. Sketch the locus of
z in the following situations

a |2|=6
b |z—2|=|z+ 3
c arg(z+1)=2

3

d |z—2+5i] =4

e [z—4] <3
Answer
a |z| = 6 describes all points which are

6 units from the origin.

Ifz=z+1iy
2| = |z +1iy| = 6
22+ y? = 62

The locus of all points Plies on a circle
centre (0, 0) radius 6.

VA
x? 1 p# = 36
L L
p.d N
4 N
/ \
< 0 %
Vi
N\ .
N L 7
e .
Y
=2 = |2+ 31

If z =z + 1y, |z — (—3i)| gives the
distance from P to the point (0, — 3).

|z — 2| gives the distance from P to the
point (2, 0).

|z — 2| = |z + 3i] is the set of all
points which are equidistant from
(0, —3) and (2, 0).

Ifz=x+1y, |2+ 3i] = |z — 2|

|z + iy + 3i| = |z + iy — 2|

2+ (y+3)°= (z-2)" +¢’

22+ y? +6y+9=2a—4dz+4+y?

6y+9=—4dz+4

Geometrically.

Algebraically.

Solution.

Geometrically.

This is the perpendicular bisector
of the line joining these points.

Algebraically.




6y+4z+5=0

The locus is all points P which lie on
the line 6y + 42 + 5 = 0 (the

perpendicular bisector of (0, —3) and

(2,0)).
<O A

'\'\\ 121

< el 4 ™
| b F 2 \.\-A- 9 wr
ol =1 ™
+ \\
6v +4x + Sh\
v

arg (z+1) = %ﬂ

This is the set of all points P on the
line which passes through the point

(—1, 0) making an angle of %ﬂ with
the real x-axis.

z=z+1y

arg(z+1) = 2?”

arg (z +1+iy) = %’T

y m __ /m
71 —tan 5= V3

Giving the line y = —/3 (z + 1)

Im
‘éz'
s 2
7 3

- — T T »Re
lz—2+5i =4
z=z+1y
|z — (2 — 5i) | = 4 represents a circle

centre (2, —5) radius 4

Solution.

Geometrically.

Algebraically.

We need to restrict the line soy > 0.

Solution: the locus is all points P
(see diagram).

Solution: The locus of all points P is
represented by a circle centre
(2, —5) radius 4.




FA
“T 0 r e
A N
r N
" @S
\\\ ,‘f
.'.-!—-l"'"
_IJ_V

e |z—4] <3

Since |z — (4 + 0i) | = 3 represents all Solution: the locus is all points P
points on the circumference of a circle within a circle (but not on the

centre (4, 0) radius 3. circumference) whose centre is
VA (4, 0) and radius 3.
~
4.0
0 R
| L
5
A 4

Describe in words the locus represented by each of the following.
a [z-2i|=7

b |z+1-3i|=4

c |z—2i| =|z—2|

Find the Cartesian equation for each locus.

a |z—4i|=3
b |z—1—-4i|=5
c |z| = |z —4i]

d [z—1-2i]=|z—4+]]
On different diagrams, sketch the following loci. Shade any regions where needed.
a arg z= <

3
b arg(z+2) =7
c arg(z+3)=— %

Find the Cartesian equation for the locus given by:
a |z| =26
b |z] = [z -2

Hence find the coordinates in the complex plane of where these two loci intersect.
Sketch the two loci and show the points of intersection.

Given that z is a complex number, show by shading on an Argand diagram, the region




for which 2 < |z —i| < 3.

6 Shade on separate Argand diagrams the regions represented by:
a [z—2/<3
b |2—3|=|z—2]



END-OF-CHAPTER REVIEW EXERCISE 11

/) Do not use a calculator in this exercise, except in Question 1.

1

Show that 1 +1i is a root of the equation z3 + 422 — 10z + 12 = 0 and find the other
roots.

If z is a real number and z = % k €R, find the possible values of k.

a Find the modulus and argument of the complex number 2 4 2+/3 i.

Hence, or otherwise, find the two square roots of 2 + 2\/5 i, giving your answers in
the form a + ib.

¢ Find the exact solutions of the equation iz? — 2\/§z — 24/3 = 0, giving your answers
in the form a + ib.

If z = cos 0 +isinf, where —m < 0<m, find the modulus and argument of:
2

a z
b 1+22
distinguishing the cases:
i 6=0
i =27
iii 0=m
iv 6 = %

v 0<f< % T
vi zm<@<m
vii — 17 <6<0
vili— T <0< — 2w
z = —3 +4iand zc = —14 + 2i. Find:
a c inthe form a + bi (a, beR)
b the modulus and argument of c.
The cubic 22% — 522 + wz — 5 = 0 has a solution z = 1 — 2i. Find:
a the other two solutions of the equation
b the value of w.
Solve:

a 22-27=0
b v —i(w—2)=w—2

A snail starts at the origin of an Argand diagram and moves along the real axis for an

hour, covering a distance of 8 metres. At the end of each hour it changes its direction by

% 7 anticlockwise; and in each hour it walks half as far as it did in the previous hour.

Find where it is:
a after4 hours
b after 8 hours
¢ eventually.

i
a Converte 7 to Cartesian form.

Write z = 1 —14/3 in the form r (cos 6 +1i sin 6).

¢ Express 8 (cos % —1i sin %) in the form re'?.

(14i)°

d Find the modulus and argument of T
—1

10 Sketch on separate Argand diagrams, the locus of points which satisfy:

a 1<|z+1—-i|<3
b [z—2+1|<2



11 Describe the points which satisfy:

2-3 _ w
a arg -5 = 3
z—i _om
b arg +i - 4

12 The point A represents a complex number z where |z 4+ 1 —i| = 1.
a Find the Cartesian equation for the locus of A.
b Sketch the locus of A on an Argand diagram.
¢ Find the greatest and least values of:
i |z
ii |z—1]
@ 13 One root of the cubic equation z° + az+ 10 = 0 is 1 + 2i.
a Find the value of the real constant a.
b Show all three roots of the equation on an Argand diagram.

¢ Show that all three roots satisfy the equation |6z — 1| = 13.



Answers to proof-style questions are not included.

Exercise 1A
1 a 3,—7

8,—6

0,3

3,-32

4,3

_2,%

—-2,—-8

_4,%

-1<x<1

z>1

r<—1

z>1

<0

0<x«1

_2’%

No solution

+4

2,3

V2—-1,4/3-2

V7T-2,5

$(1-v13),£(1+Vv13)

5(5-v17),5(56+V17)

sz,yzlormz—%,y:E—l

z=0,y=00rxz=—-1,y=3

=1 =3
=50re =3

=22, =43

= Qe = o a o6 T

=0 Q0 e T 60 8 o6 o e

[y

T 8 o 9
o



-6 —4 6
-2
—4 4
6 4
Y
c =0
9 :vz:l:%
10r=—2,y=-3

Exercise 1B
1 a v shaped graph, vertex = (4,0), y-intercept = 4
b v shaped graph, vertex = (%,0) , y-intercept = 5
¢ v shaped graph, vertex = (12,0), y-intercept = 3

2 a YA
6 -

(0, 3)

(ST
o
5




y=3x-1]

A

Y

-

"

=Y

2 4(5,0)6 8 10



10

N

N




G

- T —
% -4 6~
A
10
8
el [y=32-3«
4 4
24
- (0.667, 0)
% 5 o I i ¢ ix
-2
-4 4
¥
YA
10+
(0,7
y=|x+ 4|+ |3 x|
5
< = 0 ; ci
-5




3 a Translation

YA

10 ]
©,7)
y=16-x| + 1+
5
5 0 5 TS
_5_
¥
p=lx-2+PRx—1
0.5, 1.5)
T4 o2 Y 2 a4 6 8 10°
_2.
_4.
_6.
Y
Yk
44
- (-0.25, 0) _
- 4 =2 2 4 6 8%
I O
—4 -
6] y=2k-1-px+3]
_8-
104
b

(5

b Translation (



0

¢ Reflection in x-axis, translation <1
1. o . 0
d Stretch, stretch factor 3. 1n the x direction, translation 1

-2
e Reflection in x-axis, translation( 5 )

f Stretch, stretch factor 3, in the y direction, reflection in x-axis, translation ( )

a
y=Ph2-2]
(—1.414, 0) (1414, 0)
R ) 2 4 6 87
;=x2—2
—
-6 1
_8-
~10 -
YA
e 4
¥ = |sin x|
™ I
_317 _E,l . !1 sl
) (3020 &) ()
- -4 2 6 8%
2| ¥ = sin(x)
—4
-6
_8_
-10 -
\ J




e
-

y == Dx—20x =3

I

1 2 3 4 5 x
y= (= Dlx=2)(x-3)

_2 o
_3 -
_4 o
Y
Yk
44




y=llx-2|

{I L] L] L] L] Ll
- 4 =2 0 M
-2 J
-4 4
-6 4
Y
5 —6<f(z)<3
6 ab
) /
i\s
Fy=5-x"
| y T 123+ 1
SN
x=—2i 2 x=6
NN N
4 |2 (%12 14138
-
!
-
L Y |
Vertex(%,l) , y-intercept (0, 4)
c w:—lora;:%

7 ab



VA
x=6
s
x =\—4
ot 2 =1 v = PBl=x|
e -2 0 4 { g
2
Y
Vertex (; , 0), y-intercept (0, 1)
c z=-2 :%
8 a
Y
8
\ v R+ 1]+ 1-x
Fa
\ly
y=3
€ >
<4 |2 |0 4 6 g "
2
4
Y
z =41
9 ai y=|z—4]|
i y=|o+2|
b i y=|2z+4]
ii y=|3z+6|
c i y=|[3z—-3]|

ii y=|2z—-5|



10 YA

y = xlx|

Exercise 1C
1 a 3I<x<—1
b z<—-2o0rz>8
c —-H<<rg—2
d z<— 3%01‘:1:2 2

e w<—%orm>%
f m<—30rx>—2%
g l<xz<3
h <0
2 a \y; /
\ [3=12pxt 3
/
] /
/
JV L A=k
\ [/
\2- \VV
“T3 0 2 3 1.‘—5‘
Y
b f<z<2



YA

2x T+

3|

5%

%]

N

LY

1-x—2

T 4

Y

6 o 8 T

§<w<2
2¢ — 1

7

1-2z

Exercise 1D

1

4
5

a z2-3,7
b z2+2z+415,71
c 222 —6x+22,—171
d 5z2+ 20z + 77,315
e z2—z—-1,—6
f 2¢24+7x—-1,3
ai xx—6
i z+7
b i z?+4x+2
ii 224721
a Proof
b Proof
Proof

Remainder=1

Exercise 1E

1

a

b

i No
ii Yes
i Yes
ii No
i Yes
ii No
i Yes
ii No



e i No
ii No
2 ai (z+1)(z—-1)(x+2)
ii (z4+1)(z—2)(z+2)
b i (z—2)7°(x-3)
i (z+2)°
c i (z—1)(2?—2z+10)
ii (z—3)(z2+z+5)
di (z—1)2z-1)3z—-1)
ii (z+2)(4z+3)(3z—5)
3 ai z=-31,4
i z=-1,-3,5

Proof
(x—2)(x—4)(z+3) =-3,2,4
Proof
Proof

12a (z—3)(z—1)(z+1)(x+2),—2,—-1,1,3
b (z—2)(z+1)(z+2)(x+3),—-3,—2,—1,2
c (z=3)(z—1)(z+2)(2x+1),-2,—3,1,3
d (z+1)(z—2)(2c+1)(8z+2),—-1,—2,— 1,2
e (z—17°(@=x+1), —1,1
f (z-2)72z+1)°-12

Exercise 1F

1 5,—3

2 4,-3

3 2,1

4 5,3

5 a=3,b=2

6 p=1,q=-3

7 a=3,b=—-1,c=-2
8 Proof



End-of-chapter review exercise 1
1 z<Oorz > 2t

3
2 >0
3 a Vertical stretch with scale factor 3; reflection in the x-axis; translation 5 units up.

D x
\ |
b 1.2,—-0.8
c 08<<x<1.2
4 >0
5 Y A
y=x+|x
« 0 i
Y
6 b=0,c=-3
7 a=-10,b=—18
8 Proof
9 a=1,b=2,c=-12,d=—18,e =27

10 ¢ = £+7



Exercise 2A

1 3 = log,, 1000
x = log;, 500
z = log;, 0.02
1.08
0.627
—0.161
100 000 = 10°
r — 10103
x =10"°2
214
5750
0.0251

o

N
T v 6o T e o g

[$)}
e 060 T e 6 g v oo
W~

21

f 2.5

z =33

£ (z) = % log;y (z —5)
x =562, y=17.8

o]

Exercise 2B
1 a 3=log; 125

b 6 = log, 64
¢ —3=log, 21—7
d —7=log, %
e = =logy 17
f y=1log, 5
g 2b=1log,c
h 3y =log, 0.5
2 a 2°=32
b 3° =243
20 =1
d 647 =4
e 33= 2i7
f 20 =y
g z0=1
h z% =6
3 a 4



-0 Q0 T e o g
w

-0 R 0 O 8 FGQ
|
[\V)

Q
S oo o|w

a o
—

0
4v2
6

1
256

—10
Ly3

= Q = 0

e

Exercise 2C

1 2

a i Slogz

ii 5logx

b i logzlogy— logy+3logx—3
ii (logz)®+4logz+4

1 1
log b + log a

ii loga+1
3 ai z=3Y
ii z=16Y

b i z=a¥!

.. 2
ii ©=a¥

i z=/3y

9]



ii z=,/y
d i z=e?
ii :L':er
log p+1log g+ log r
log p+2log g+3logr
2+logp+5logr
2(log p—2 log g —log r)
log p+log ¢g—2 log r
— (log p+1log g+1log r)
logp—%logr
log p+log g+ 7 log r—1
%(14— 10 log p — log g+ log )

5 a i

e 60 T e

= Q = 0

e

ii

b i

vjw O o~ >

ii
6 a i Ty
ii 2z4y
b i z+4+2y—=z
ii 2z —y—3z2
c i 2—y—52
ii 1+y+2z2
d i z—4y
ii 24+2z4+y+22
7 a 2z+y
b 2+z— 2

Exercise 2D

1 =111
2 z=-3
3 z=10"" =316
4 :E:9,%
5 z=28l,y=25
6 ai z=1
ii z=4
bi =9
ii z=2
c i =8
ii x=4
7 x=4
8 =28
9 m:%
10z =2

Exercise 2E
1 ai =245



i z=2
ii = =1logs3

i z=1——

Exercise 2F

1

a
b

=Qa = e a 0

i

x> 1.89
T <1.43
z<—1.68
x > 9.97
x> 8.54
T < —2
r>—2
r<—5.61
x> 3.77

2 9.56
3 9.49 a.m Tuesday
4 Proof

Exercise 2G

1

TP 0 0T e a0 5 e

7.39

1.65

6.05

0.0498

0

—0.693

No real solution
—-2.30

4

2



—
(=}

—
—

—
N
T Q0 g e Tt =mo Qo g e a0 g

o 0 T e a8 600 e a0

T a0

(o]

O o B R = A

1.39

—1.70

3.07

In 11

i In 7
2(141n 8)

2 [In (2) - 3]
z>In9
z<+(2+1n3)
x < —%(24—111 2)
7.39

0.135

2980

—0.211

1.56

1.15

0.618

0.125

0.0560

0.763

y = 0.607z°
y = 2.01z2
In 15,0

In 2,2 In 2
In 5,0
0.5—1n 2
4.91,0.534
0.0375, 2.05

Exercise 2H

Y=mX+c Y=y X
Y=mX+c Y=y X=yz,m=bc=a
Y=mX+c Y:%,X:w,m:%,c:a

Y=mX+c Y =logyy X=1log,,z, m=gq,c=1log,p
Y=mX+c Y=y X=2z,m=Inb, c=lnk

Y =mX+ec, Y:x,X:eTy,m:k,c:b

=0.18,n =4.0
=17.2,a=0.97
Proof

=z, m=c,c=



b a=5.7,b=2.6

5 a=0.08,k=0.24
6 a=04,b=1.6
7 7.5,0.5
In 3 In 3
8 " Im2’ In2

9 a Model 2: taking logs gives an equation of the form y = 1.2 — 2.6z
b a=16,k=2.6

End-of-chapter review exercise 2

1
1 z 3
2 z=2In2, —1In 2
3 == log;3
4 a i 4
' A v =2lnx
; y=In(x+3)
Ry / ; %
b  — 1+;/ﬁ
5 Proof
4 10
6 z=¢% =3.79, y=e3 =28.0
7 z=1%++1—-¢¥
8 z=3,9
bg(%)
I < 5

10a f* (z) = 2(In (z—1)+3)

b f!(z) is the reflection of f(z) in the line y = =

0
11 Stretch in the x direction stretch factor % and translation( 3) (in any order)



Exercise 3A

1 —0.675
1.494
1.133
cosec T

o

cot ©

sec T
sec?
cot =
—cosec T
V2

1

-3
—2

1
-1Vv3

23
0

2
—-2V3

w
=/ Q = 0 Q 6 g o = o Q 6 g e o6 g

=2
Wi ot

1
c 3 3

d 23

+4./3, £v2,£ V6
tan

sin ¢ cos ¢

cot ¢

|sin @

tan

cot? ¢

3 sec2 § —sec 6 —3
0.723, 7, 5.56

8 1.11,2.82,4.25,5.96

1 1 3 5 3 7
9 Ty My My My Ty ™
10 Proof

11 Proof

T =m0 060 T 9

Exercise 3B

1 a %sinmjt@cosm
7 . 2
b 4smm—§c0sm
2 . 2
c —£smm—£cosm

2 2



tan 6—1
tan 6+1

1 1
b —3—3
c 2.68,2.82
6 a Proof
b 3
7 Proof
8 +30°
a Proof
b Proof

¢ Proof
3
10 T

<]

Exercise 3C
. 7

1 a i -3

ii

. 2V2

b i ==

s 4

11 E

c i

ii
cos (6A4)

2 sin 10z
3 cosb

% sin (%’”)
0,m, 27
90°

—%,%, 0.305, 2.84
0°,180°, 360°
Proof

2 6 T 9o

Proof
Proof

=~
e 0 T v Qa 6 5 e

Proof

+v/2-1,/2-1
_; 57_% 5,_4\/3

Proof

N & O

a i Proof
ii Proof



l—cos
b 1+cos =

9 a w
b 1 3.99,5.44
c 0,0.869,2.27, 7, 4.01, 5.41, 2«
10 a Proof
b 3z+1)(z—1)(3z+2)
¢ i Proof
ii 90°,199°,222°, 3187, 341°

Exercise 3D
1 Proof

[

2 a =+

=2
CYE
alg‘ o

Y

3 a 4cos® A—3cos A

3 tan A—tan3 A

1-3 tan? A
4 a 8cos* —8cos?2 0+1
b 8sin*6—8sin26+1
2a—b

4a
Proof

=g

Proof

[=-IERN B~ BN ) |

a Proof
b 30°,150°,90°,210°, 330"
9 a Proof
b 0°,180°,360°,75.5°, 284°
10 a Proof
b Proof
¢ Proof
d Proof

Exercise 3E

2¢/2sin (0 —45°)
2 sin (0—607)
24/2 cos (m—l—%)
5+4/2 cos (CL‘—F%)

3 a 2 cos (:1:—%)

1

N
s o T e

b minimum:(4—” — ),maximum:(g, 2)

3
1.57, 2.50

5 +/61cos (0—0.876)
a +/61 when 0 = 0.876
b —+/61 when 6 = 4.02

6 10 sin (z+36.97)

a 1

b 0

a +5,26.6°, —/5,206.6°

g



b 12,143.1°,2,323.1°
1 ° 1 °
€ 3522 59
d 1,112.6°, 2, 292.6°
3 T
8 _Wa_TaanﬂT
9 a /12 sin (x4 0.869)
b —12+12/3
10a +/10;18.4°

b 69.2°,327.7°

End-of-chapter review exercise 3
1 ai —I,—==
s _1
11 5

b i

%I&," m|§§'

ii

N B B

c i

o O

3
ot
3

ii

d i

|
2|

S EgN T

[N EREN

L B

ii
2 Proof
3 a Proof
b 1,2
f, %’r, 1.11,4.25
13 sin (z + 1.18)
Vertical stretch with scale factor 13; translation 1.18 units to the left
V58 sin (z —1.17)
y € [—/58, /58 |

sin (m—k%),l,w:i

-

(o]

o TP

- -
[N
(@]
o
»n
—~~
8
|
[\
(%21
N
N
8
|
[\
(%21

1 V3
10 5 5

[~

—2m, —m 0, 27

11 a:1.2,p:2T”

[~

Amplitude = 0.9, period = 3
Yy = % sin (QTWCL‘ + 0.927)

(o]

="

Amplitude = % period = 3
e 1.06



f 0.0580, 0.557
12a a=3,b=5,c= -2
b 72°,153°,252°,333°



Exercise 4A
1 ai 3+1)°*=-2)"Bz-1)
ii (z—3)°(z+5)° (112 +23)
b i (2z-1)°(1-32z)°(—42z +17)

ii (1—2)"(4z+1)(—28z+3)
2 3z+2

2yz+1
3(2—z)
b o=
2x(3—5z)
¢
d — 9414
V2z+5
o (152—19)(3z+5)
2y/x—2
£ (352—4)(5z—4)>
2z
3 y=64x —48
4 (-1,-1)
5 36 cm?,4.24 cm
6 =3, — %,%
7 V =518,z = 64
8 a =4b=25
qa—+pb
2 a o
b
-
0 a b X
Y
c qisodd
10 a Proof
b Proof

Exercise 4B

1 a i 2 >
(z+1)
es -5
11
(2-3)*
1 L
z(2z4+1) 2 —(2z+1) 2
b i >
T
L 1
.. 2x(x—1)2 —%wz(ac—l) 2
11
z—1
2(2z2—z—2
g )



2
i — z°+2z+4

(1+z)°
2 a z+2 ,
2(z+1) 2
b ZzE?/_ZTS
c — 3z+4
422,/32+2
3 (0,0), (1,1)
4 a=-1
5 14y = 8x — 37
6 (2(v2-1),21+v2)), (-2(1+v2), -2(vV2-1))
7 224223
(z+1)°

b 3<e<—-1,—-1<z<1
8 z€(0,2),z#1
9 a:3,b:4,p:%
10 Proof

Exercise 4C

1 a 3%
b %ei
Wi
c 2e
Jz
2
Qe
d "
e 33272

h 4e2m (e2m+2)

i —

e”

(v +2)?
6e4z

V1-3e¥
3 3 2
k 9e” (e“ —I-l) x?
_ e"(dz+1)
V1—4zx

—e" g2 —2e" 42z —2e%
(er+1)?

150VE(5-37)
2

e3” (—8e“’ + 5e?® + 3)

j —

=

N
pjon @



3 Ly
6
: 4_
|-
2
(= 841 l
AN i
_____.--’+\‘/ -
6 | 4 | 2 | ofoo ; g
2
Y

4 a y=e(2z—1),y=—1

b o=1(1-1)
r=1In3
y=3z—1In 442
y>6—8ln 2
(622 + 4z + 3) e**
m:—%,2
10 a 245 years

b —0.198 g/year

11 a 4.48 m?/min
b 7 minutes
122+9y =81+ In 3

© &0 9o u

Exercise 4D

1 a L
T
2
b 2x—1
—2
¢ 1=
d 2
T
b
e a+bx
f =L
T
—3
9 =1
2 3
h 2z+1 3z—1
i -3
1 1
J T z+1
2 1
k z r—1
1 1
1 w—1+x+2
m 1—11123w
T
n z—2z In 2z




2
3

(e, ), local max
a

1
€
1, minimum

Y&

A
2

L2 %]

%]

t

-

.

-

=2
D=
|

In 2, minimum

hy

[2¥]

5x°

—In|

2x)1

M

—_—
g

\(0.5

08, 0)

A

Y

bt

193

<.o

(1

il
-

o

Oy 2 4

d 1, minimum



FA

[

'S

*
(1,1)

0“' 1 4

4 92—-6y=9In3—-4
5 :c>6,mlj+ﬁ

<l
-

P 4

a r>6
b no values of x
YA
15
10
5 - .-u—"-—-"-_------
r,.-—""j = In(x|—2) + In(x 6)
|0 o | 15 | 20 | 257
5
10
15
Y
6 a 2zlnz+=x
1-21lnz
$3
c e”( wez)
(z%e*+1)

d (1 + 2:132) e’
7 f1 (m) = %ln x. The graph is a stretch of y = In x by a factor of % in the y direction.

YA *
rd
L
L
.
o"




2

4

Yo
8 5
9 Pro
10 3 —

11 a

b

(o}

of

_1
21In 3

Y

-

e

1
0<k<g

Exercise 4E

1 a
b

N
a0 T == = Q= 0 o

= Q = o

e

i

k
1

3 Pro

a
b
c
d

—Cos T
sin
4 cos 4x

—6 sin 3z

1 1
27'(' COos 27T$

—3m sin 37x
—2 sin (22 — 1)
1

15 cos (31: + Zw)
5 cos bz

1
2 cos (Zﬂ' — 21:)
2 cos 2x
—7r sin 7x
2 sin x cos =

—2 cos x sin

2

—3 cos® x sin x

: 1 1
Sln = & COS — T
5 2 2

—8 cos® 2z sin 2z

2z cos x?

—42 g?sin 223

1 1

sin (Em — %71') cos (—:1: —

2
—67 cos? 2mx sin 27z

6x sin? z2cos z2

0

—cos %:1: sin %:1:
of

2 cot 2z

—3 tan 3x

2 cot x

—6 tan 2z

1
=T
3

=

)



4 a cosxe”?

—3 sin 3z s 3¢

10 sin x cos eSln z

9]

1
,7), neither

™
0 2) , maximum; (7, — 2), minimum

e 60 T o

3

. %\/g—l- %ﬂ') , maximum;
— %\/g—i— 15—27r) , minimum;

T, %\/3 + %ﬂ') , maximum;

[y [y —
K le t\a|°‘ wl"‘
A

o — l\/§+ Hﬂ') , minimum

7 3

=T, —3) minimum; (6 LA

(57r 1) minimum; (16—37r,%

6 Tangent:4zx —y+1—m=0;
normal: 4z 4+ 16y —7m— 16 =0
7 _ ® 2m 4m 5w

— 3 3 ’ 3 -y

B (r’% -7 T)
a 40 million litres

b 5 (1.6 days), 32” (3.8 days)

10 a sec? z =tan? z+1

a
b Proof
cv-ge 4o
11a 2-+cos 2z —sec® z
b Proof
¢ Proof

Exercise 4F

s 2
1 a i 3
es 1
11 2
bi O
i —1
c i -1
O
1 -
3
d i -1
se 1
11 D)
2 a i 2—”5
Y
.s 23
11 3y
2x(y—2z)
.s Y
ii G
1-2y
c1 2z—4y—1
Y

ii

2y—x

(—77, ) maximum,; (§7r, — \/§) , minimum

) , maximum;

) , maximum



y(2z—e?)
Tyey—4

="

.o cos x—3 sin y
nn —
3z cos y—2 sin y

(3,2), (-3, —2)

(v2,4v2), (V2 ~4vD)
Proof
Jy—x—8=0
=2
’ 1) ’ (_37 - 1)
,et)
y=3x—4
Proof
(1’ - 1)
y+3x—4=0
(3 =9
2042y
y—2x
b Proof

0 9 & O
c‘mowm@aab‘mc‘m

-
(=]
[V}

Exercise 4G
1

1 a i =
T
b i 5
i - 2?’Si‘ilos(209)

c i sin 6

ii % cosec 6

2 a y2 = %
b y?2 =12z
c z2+y? =4
3 a z+y=1,for0<z<1
¢ z+y=2, excluding (1,1)
d 4x3 = 272
9
1%
a y= 16z —255
b (-, —256)
6 Proof
7 Proof
a (2a+aq?,0)
b Proof
9 (33,27)
1+cos 6
10a 2—sin 6

b tan! %% 0.927
c 1.80,5.77



End-of-chapter review exercise 4
1 (3, 3e’3)
2 gz =3+21>0)

=2

(2) 4) ’ (_27 - 4)

Proof

v=) =

(2,4) local max; (—2, —4) local min
Left post (Left = 7.76 m, Right = 7.41m)

Proof

%+L:33ﬁ

1 2

o o0 T e

(o]

6 a O, %, 7r,5T’T, 2w

(0.568, 0.369), (2.21, — 1.76), (4.08,1.76), (5.72, — 0.369)

c ¥y

« /\:
0\/ \J*

7 a (6x—6)ed 0z
b (1,e?), minimum
c z+6y=38

8 Proof

9 a Proof

b (%2

d;
10a 12¢
Yy dz

b 41In x—ln(2+5m)—%ln(m2+1)

- (v~ 220) (i)
T 2+5x z2+1 (2+5z) \/x2+1




Exercise 5A
1 ai e?4¢
i Te? 4 ¢
2z—1
b i 6e 3 +e
ii 26%7”—1—0
c i 2%4¢
i —fe ¥ ¢
d i 8 4,
ii —%e_%m—{—c
2 a z+1e¥+c
b —%e_?’””—e_m—i—c

c 3e¥ 4+ %e?’m +9e” +¢

£ 112 e12¢ 4 ¢
3 i(e20 1)
b S(e—1)
7
¢ 13
el2
d 3e111
2 (-1
e (%)
f %(7 + 8e? + e4)
g %(—7—1— 3e + 3¢8 —|—e12)
h 3 (e18 — 1)
.1 1
1 g — g
4 y=2 *+3zx+1
4_-3 -1, 13
5 —ze -3¢+
6 2e— %
7 a —e 2 _3e %44
b 4
1.86
9 a 8§
b Proof
10a (0,8)
b i Proof

i (In5,12)
c —16+161In 5



Exercise 5B

1

8

1

a

<]

=¥

(o]

R*Ee T T

a
b

R g = FQ "= 0o Q

=g

(o]

i Injz+4|+c

ii In|bz—2|+c

i 2In(3z+4|+c
ii —4In2z—5/+c¢
i %ln'1—4m‘—|—c
i —1In|7-2z|+c
i z+3ln|b—z|+c
ii 3z— In|3—2z|+c
ln%

1

3

In 5
5

In 5
2

5

In L

'S

16
In S

1— In8

1 9
21118
_3 In 3
2 2
A=2

Proof

quotient = 3z + 4,remainder = 4

%tan 3z +c

3 tan (7Tx—2)+4c
1

7 tan (dz+1)+ec

»|§a



s 2
b §-5V3
c 3
5 a 6 sec? 3z
b 2
6 f(w):’”g—4sinm+3
7 y=2sinz+3 cos z—2v2
1
8 3
9 y=2sin3x—2cosz+2r—1

10A:m&%LB:(%,%%@+§)

Exercise 5D
1 a %m—l—% sin 2z + ¢

b 15z+15sinxz+c

L. 1 o
C ST — = sin 8z + ¢

d %tan 3z —2x+c¢

e %tan 2r —bx +c¢

f 2x+ 3 sin 2w—i—% sin 4z + ¢

8 4
n_ V3
2 a ? 1
43 5
b =—-3
3v3 | &
C 5 T3
s
d 5
3
¢ T
1 _
f +(4-m)
53 |«
3 a o ~+3
1
b 1(1++3)
9 _ 51
¢ 7 \/§+3
1_ 3
d 2 2
e +(m+18)
V3
£ =
T
4 3
V3
5 T
_3pg__l0o—1
6 a A_EB_ 20 3
3
b 5
s
7 a 5
32
b 5=
8 a Proof
b Proof
9 a Proof

o
=



10 k= —/3

Exercise 5E

1

9

a i 0.886
ii 1.09
b i 1.48
ii 3.70
c i 3.38
ii 0.455
a YA
4 - '
ix=1
34 :
2- E
4
< T T —
0 I 2 3 4
_1 - :
0 - :
- :
_4 - ]
Y
b 3.86
¢ Concave curve: under-estimate
a 1.98
b Use more trapezia; exact integration is possible
s
R VarY
b 0.957
¢ Concave curve: under-estimate
10.2 m
a p=nr? q=4r>
b 22.3m
a 3.90, under-estimate
b 5.52
¢ L =3.90,U = 5.52; use more triangles and trapezia
a 0.551
b Over-estimate, since graph of y = sec zbends upwards.
25.5

10 a 1.9113



End-of-chapter review exercise 5

1
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r . V3
3T 3

c 0.1%

Proof
1 11
a 1650
b Concave curve: under-estimate

¢ By using more intervals

Proof
7 3 —2k —k
a 5 — 56 — 2e
7
b 3
Proof
a A=
b Proof
a Proof
b Proof
a Proof
™
b 2-17
m(m+2)




Exercise 6A
1 -2
2

)

6

-8

4

2 and 3

0 and 1

1 and 2
—2 and -1
i Proof

Qo0 TP Mmoo o0 F

ii Proof

=¥

i Proof
ii Proof
4 a i Proof
ii Proof

b i Proof
ii Proof

¢ i Proof

ii Proof
d i Proof
ii Proof
5 a Proof
b Proof
6 a Proof
b k=2
7 a Proof
b n=1
8 a Proof
b Proof
c N=12
9 a Proof
b i f(2)=-6,{(3)=11
ii f(x) is not continuous (has an asymptote) at x = 2.5
10 a

TR
HOETE
0w 3 5

FELVESG

ol

e
=3
L=l |

-\-...________ =




ii

ii

iii

Two
g(0)=g(§) =1

g (z) changes sign twice.

Proof using, for example, x = 0,

Exercise 6B
3, 3.219, 3.305, 3.337, 3.349
4,2.982, 2.949, 2.948, 2.948
—1,0, —0.250, —0.200, — 0.211
1, 0.540, 0.997, 0.546, 0.996

1 a

b

i
ii
i
ii
i
ii
i
ii
i
ii
i
ii

iii

0.5,1.057, 0.938, 1.056, 0.940

1,1.364, 1.052, 1.329, 1.089

0.70
0.95
4.51
0.41
No

No

N/A

YA

L ]
Fa

i X
i Yes
ii Yes
iii Greater root
Y =k

v =|ln(x + 2)

f

—

H

[ !

i

ii

Yes
Yes

iii Smaller root

s
8

K

S
4



TA / /
= . M
3 -
2 <
)
--"'f
< —*
v 2 3 4
4 0.9502,f(z) =z —cos ($),0.95
Proof

1.6198, 1.8781, 1.6932, 1.8208, 1.7304, 1.7933; converging
6 a Proof
b 0.7895; it is converging to another root

7 Proof
Tne1 = v/ e + 2 with g = 2 converges to 2.27 in 11 steps,
Tyl = P’Z:—;FQ with xg = 2 converges to 2.27 in 3 steps

8 a Proof
b 3.11111, 3.10332, 3.10384, 3.10380; 3.104

9 a 9

b 5 steps, x4 and x5 are the same to 4 significant figures, 9.725
10a i a=2b=—1
ii a=2,b=-6
bi a=4b=1
ii a=2,b=1,c=2

i — 1 p=_5
c i a=5,b=—3

ii c:§,d:§
di a=1,b=2
ii a=3,b=1

Exercise 6C

1 Proof

0.248

Proof
0.7105; 1.12
Proof

1.26
1—e
Proof

2.3
y—2x=1

Y]

Proof

0.70, 0.2

1

1.2684, 1.3106, 1.3106

oM O M O NN T O N T



End-of-chapter review exercise 6

1 a Proof
b Proof

c 2.77

a Two solutions

YA

y=In(x+2)

.
X

w
6 T v 6T

Q6 T v T P
)
5
o
o
=

i (m—,sin z)
ii (m—2z) sin
b i Proof
ii Proof
ii Proof
c i 0.710
i 1.12



Exercise 7A

3
1 a3 2z+1

b 3+

3a? 3z 3 13
¢ Tt T tEs T 3@

Tr+2
z2+z+3

14248
e 4z +3 713

f w2—1—z22+2
A=1,B=3,C=3,D=-4
A=2,B=2,C=5,D=5E=4
A=3,B=1,C=-4,D=1
Quotient z — 1, remainder 3

2+ 25

a = —1,quotient =z +1

d z+1-—

Proof

R N & U = Wi

Exercise 7B

. 1 1 2
1 ai 3_{— z—2 z—3
s 2 1 1
1 T z+2 z+1
. 5 2 3
b i H-F 5
.e 4 1 3
1 z—3 z+4 z+1
1 1
2 a z—1 z2+1
1 T
b z+1 z2+4
1 T—2
¢ z+3 z2+4
4 z—4
d 2x—3 z2+1
1 1
¢ %z Tl
£ 1 1-4z
1+4z 4-+22
2 2tz
142z 4422
2 _ _=z
z 249
x+4 2x2+7
1 1 2
3 al g‘f—; py
1 1 x-1
b + z z2+1
2 r—4
c 1 m+4+ 241
2 3
d 2+ —
-2 (x+2)2
e 34— 3



9 1+ 532
el
i 3—;1-1—@
4 a Proof
1_m31+z3T2
5 %+
6 a i mil_(le)

2 3 2
z—1 (w+2)2 z+2

z—2 (w—2)2 z+1

(2z+3)(z+2)

6 3
b 2z+3 z+2

_ RiRp
10 a Ry = Rk,
b Proof

2
11 -3

Exercise 7C
1 1— 3z + 622

1— 5z + 1522
1+ 4z + 1022
146z + 2142
84

-8

—270

256

56
27

—20q3

20b°
sn(n+1)(n+2)c
142z — 222

1—xz+ 222

1— 8z + 8z2

1 B2
1—|—8m—|—128m

N
a0 T e a6 o e

= Q = o

e 6 T o

—1
4 2

Q



=g
‘ (=)
¥
&

=0 Q 0
|
| ot

1 43

41—8n(n—|—2)(n+4)b3
1— 4z + 1222

1
‘$'<2

| oo |
'—‘ —
sl 5

= oQ

Proof
lz| <9

. _ = 2
i 1-15 -8

T e T 9

(o]

i1
iii 3—i— —
3.1620
1—2z — 222 — 423
2| < &

c 9.79796

d 0.0776
8 4
9 —540
10 -1

216

N
= a7

Exercise 7D

1 2 20 .3 9
1 a s+Z2e+Za’+ 3 s |2| <

b 4—|—:L'— 1633 +—a:3 ’.’B’<§

c 1+ 2z + a:+—m3]w‘<2

d 2—-1 m—éaﬂ—su x3 ‘a:'<4

o Liuthett ot o] <
f %— =~x+ m——x3 ‘ZB'<2
2 a 2+17a:+84:n
b 7+ 1z + a2
° %5 63490—%332
3 3% +¥le <4
4 a 2+——ﬁ+
b 20.08
5 a 2-gz— 32— 8g3,
b 1+%x+%x2+§m3,‘x‘<2
¢ t-Lot+ia?-2a8 |z) <2

d 2z — %m‘l—i—%:ﬂ— 5?2m10, ‘:L" < V4



e 1+2z—6x%+282° |z| <3
f %—I—%ﬁm#—%mj—i—%ﬁmﬁ, 'x' <3

6 1+5m+%x2,‘w‘<%
7
7 3
8 Proof
5 . 7. 3.2 17,3
9 oty T 5T — T

Exercise 7E

1 a +— + -1

Ttz | 1r2z
b 2—3z+5z2
C ‘x' < %

1 2 2
2 a (z+1)2+ﬂ+m

_ Tz 212
b 4 >+ =

c |z] <1
1— 3z + T2
6 3 .a 2 _ 3.
6 _3_:3 18z + 842? — 360c%;
1
=] < §
1 1 2
5 a ?w_z+z_4r2+(w+2)2
423 29 2
b s —HT+ 57
lz| < 2

6 a A=2,B=1
i _3 17 .2
i 2 233+4a:

ii The expansion is only valid for |z| < 0.5

End-of-chapter review exercise 7

1 a 2
1 o+ T35
2 Proof

3 a 1—%1‘

b ‘:L" < 11—2
c 3.86
4 No, as the expression is not defined for small x.
5 1-2z+ 3z — 423
R
7 a=1,b=30ra=3,b=1
8 a ltz+2
b 1.44267
9 -270
101 —z+23

11a A=1,B=-1,C=1;|z| <1
b Proof



P=1,Q=-1,R=1;]z| > 1
0.9901

0.019608

me? + tmo? 4+ 22t 4 v‘ <c
8c

i 0.00373%

ii 17.5%

Proof



Exercise 8A

6
1 a 3622+1
2
b 244
6
¢ 4x2+9
3
d 9z2—12z+5
3z?
e z0+1
3
f 1022 —2z+1
2 a 49:2+1+3tan 2z
b 4z—(1622+1) tan~! 4z
22(1622+1)
- 2 L1
c ¢ (4z2+1 tan 2x)
-1
eta,n T
d z2+1
e -2 )
z+z( In z)

e’ (932+1) tan~! z—e®
(z2+1) (tan? z) ?

4

5 Proof

Exercise 8B
1. -1
1 a gtan (%) +c
b ztan! (3z)+c
C 1tan (%) +c

)

(55
e —tan 1 (\/§x)
(

d tan

f ta,n1 g)
\/37r
2 a &
b 3
c 3
3 4.43

Exercise 8C
1 a In (1+4sina)+c
b %ln ‘1—1—:1:3‘—1—0
¢ In |sin z|+¢
d In (4+e*)+c



e —% In '5—e3‘”'+c
f %ln‘sec3x'+c
2 a In(e+1)
In 2

In &

¢ 3

1
2
1
2
3 a Proof

b Ink=In8so k=28

1 5
5 2/3-2,s0a=2,b=3,c= -2
a In2

b \/§7r— %7@

[=)]

Exercise 8D
1 a 2In|y/z-2|+c

1
b~y T¢
c 2 cos (%w—%m)—l—c

6 7
d 2(z—-1)+2(x—-1)" +c
= +(6z—1) (z—1)°+c

e In (1+e*)+c
3 In (3+4y@) +c
3 3
g %m(m+2)5—%(x+2)5 +c
= 3(3m—4)(m+2)% +c
h 6(:13—3)%4-%(33—3)%-1—6
=2(z+6) Ve -3 +c

i In|ln (z)|+c
j sin! (%.’v) +c
2 a Proof
b tan! e +c¢c
3 a In ($(1+e))
b 21n 2
7
¢ 1z
1
d 1 =
1
e E v
1
f 109 =
g 87
h %(tan_1 3 —tan! %) = %71'
i3
i 3Vv3
4

'~
N
3
|
[N [



="

=)
Q = 0

(a:2+1)4+c
(4+$2)%+C
sin® z + ¢
tan? z + ¢

—V1-zt+c

cos? 2z + ¢

N L= LIt LN

[e )

e[S

I E T BN ERNE

=
= N
o o3
[\)
o0

=0

ii
i

ii—§J42m3+¢2m5

8 (i) tan( In (m2)) +c

m
9

10 y =3 In |sec z|+4

11 a
b

C

A=1,B=3
(4,0.272)

SIS

Exercise 8E

1 a

i 3In|z—10/+2In|z—3|+c
ii 2In|z+1— In|z—-3]+¢c

In 'x—l‘—%ln 'a:—i—l‘—i—c
In 'm—l‘—l—%ln lz+ 1] +c
3lnjz—2[— In|l-z|+c

ii —Injl—z/—2ln|l+zl+c
i 5ln ‘:1:+3'—|—ln':1:'—2+c
ii 2In|z—2(+2In |z|+L+c
i In ‘m—l‘—;j—ln |z +3|+c

i

D=

ii

N =

=0

ii In ‘m—l—l‘—zlj—ln ‘.’I)—2‘—|—C

11
2 a S0
(z-2)
b In |(z+3)|—|—c
3 —In3
1 2
1 a 2—w+w+1
b 8



+1

%71’24—37'('111 2—271In3

==}

_ X
z—2 z2+1

b Proof

(<]
Q
‘ -

Exercise 8F
1 a sinx—xcosz+c
b 3(z—1)e*+c
c (z+3)e"+c

1 _ 2
2 a z(2z-1)e* +c
1 : 1
b I sm4m+ﬁcos4az+c
c 1z22In(2z)—1)+c
1

3 a 3-2%(6In(3z)—1)+c
b i (2z-1)extl t¢

c ;(ln (2z) —1)+¢c

4 a " (e2+1)
1
b 1v2(4-m)
ne" 141
(n+1)°
5 %(:p2+1)tan1x—1x+c
6 1-3e?;17(l—13e*)
1 1 2
8 (e3—1) ln2+2e3+%
9 a 3
b 5In5—-2In2-3

End-of-chapter review exercise 8

1 a Proof
1

b sin" " a
c 1—+v1—a2
d aarcsina++vV1—a2—-1
15
2 In1 T
s a (21)

b i OatA,%atO

.o 4
11 g
4 a zcostz—V1—z2+c¢c

b mtan_lx—%ln (1+:L'2)+c
c z(Ilnz)’—2Inz+2)+c



5 a Proof

b ln%
1.2 1,2
6 a Sz lna:—za: +c
In 3
i 4—3x
22—z
3
biandii —2(4+3z)(2—12)? +c
1 65
38 g].l’l?
1
9 7

10 a (%w, %7‘(’)
b 2

112+2In 5—-3In 3



Exercise 9A

2

1a%2

1

4

b 1| -1
2v2

N
|
o[

ii at+1b
b i —%a+b
i ~1bt+la

c i % a—b
ii —=b+zxa
4 a Not collinear
b Not collinear
¢ Collinear, AB: BC =1:1—-2a
5 AB:BC =1:2
6 a C(10—8w, 1+6w)
_ 6
b == %
7 Proof
a 1(p+aq)
b Proof
9 Proof
10 Proof
9 . 4
11 + (ﬁl + ﬁ'])
12a (4, —6)
_> —
b OB = /65, ON = 2¢/13, PN = /13

Exercise 9B

13
2 a —bhi+4j-2k
b Proof
3 a Proof
b 3i+6j+ 19k
4 =

5 a %i+%j—2k

b (3 30)

6 p=35,0=3



- _7 _r
7 m erqa-l—pﬂb
8 a Proof

b Proof

Exercise 9C
1 a and d are perpendicular, so are b and c.
2 a 45°

b 167.3°

¢ 180°

d 136.7°

e 7.0°

f 90°

99.6° (or 80.47)

t= % or —2

76.4°

48.2°

—2;132.5°

a B o

N U =W

14

30°

4j + 3k; b
Proof

The scalar product is non-zero.
101°

e 60 oy o g

Exercise 9D

-5, 2, 4)

—3
1 r=|a|+t| -1
1
1
+1t =2z -7
<2 Y

2 a r:(
-3
4 -3
b = t ;2 3y=11
" (1)+ ( 2) 2+ 3y
5 1
= +t cy=17
©r (7) (0)’y
2
d r=t ) s c+2y=0
e r—(a>+t<0>'w—a
\b 1)’ 7

cos o —sin o )
f r:(_ )—i—t( );mcosa—l—ysma:l
sin « cos «

3 a r=—-i+j+1t(3i—2j)
b r—=3i—j+s(i+5j)



o
=
I
—
|
=N DN
+
&~
S O =
N— N——

4 k=4
s (1.3.4)
11 2
6 a r= 7T1+t] 2
-3 0
b i (2,-2 -3
ii /34
7 a r=2i—5k+t(3i+2j—6k)
b Proof
1
8 a 1
9
b z+2y—42=9
-1
C 3
-1
d 61.9°
9 3

Exercise 9E
1 (—3,1,5)
(3, —5,4)
Intersect at (1, — 1, 0)
Parallel
Intersect at (—7, — 5, —4)
3 43.1°
4 lor-1

N
6o T 8 T 9

End-of-chapter review exercise 9

e () ()

(54
2 a a=-3,b=-T,p=-2,g=-1
b 78.9°
3 (cos 2a, sin 2a); for all «, the intersection lies on the circle with (—1, 0) and (1, 0) at ends of
a diameter

4 Al i(a +b+c+ d); the lines joining the midpoints of opposite edges of a tetrahedron meet
and bisect one another.

r=i+3j+k+t(—6j—2k); >
P does, Q does not

a t:%orl

A



b z=2,(-2,7, —3)

10 114°



Exercise 10A

1 a i y:—%cos2w+c

ii y=12 sin (%)—i—c
b i y=3ie¥+c
ii y:86§+c
c i y=3tanz+c
ii y=tanzxz—-—z+c
. 142 1
d i y:—%
ii y=secx+c
2 a i y=3V3z+9-2
ii y=-2v/4—x+3
b i y=In|z>+1|-1In2
ii y:%w2+%ln ]m|+%
c i y=-2e3%42
i y=—2e"% 42
d i y:11—6(4 sin4(:1:)+1)
ii y= 2sec’ z+4
3 a i siny:%—cosm
ii tanyztana:—\/g
b i In|y|= 323
ii —f=In|2z|-1
y
c i e =—-4e"+5
ii e¥=e"+e? -1
4 a i y=+vzdi+ec
i oy=-———
b i y=sin! (In|z|+c)
ii y=tan! (In |z —2|+¢)
c i y=A4¢"(z—-1)-3
i oy=-4

 2cxt+2

1—cx?

=3

a Whent =0, % = 0.8 > 0; decreases from 5.7 years.

EN

b N — 208007t

c 19665

d It will decay to zero.
Y

8 = arctan (sin T+ %)

Exercise 10B



. dN __
a 1 F_5N

ss  dM
11 T—3M
. dv _ kv
b T = I
i & —k/NVE
s dr _ _k
c 1 At T 2w /r

a _ 02
dt r?

ii
d4a _ A _ -1y
& 100 A = 15e¢” 10 kg
dA _ 3200
dt ~ 4
b 12 seconds

dh
dt

dh — 0.2¢25 —h,t = —10v25 — h + 50

i 1.0 years

a

= 0 when h = 25, so the tree stops growing.

o

9]

ii 10 years

h =t—0.01#> for 0 <t <50
i

Proof

a=20

225

‘é—f = kx (15 — )

12 km

4 — —0.016vh
b 250 seconds

a Proof

b 6 =19 — 14e %%; 11 minutes
a Decrease in size due to, for example, competition for food.

o 3e1,2t
b N - 14el2t

¢ Proof; increases with the limit of 3000

="

e 6 - o

QT P

End-of-chapter review exercise 10

1

a y=tan (In(22+1)+c)
b secy=csecz,c#0
a _ (1+£E)2

2(2—z)

b 2sinzcosy=1

2
z—1

c y=
d y=2secax
2(1—kz")

1+kzt
b y=In(k+z In z)

a Y=

c y? :4(k—|—tan %m)
a n = 5000 e0-01(0.05t-50 sin 0.02¢)
b 3150



— _ 1000
5 a N= 1+499e-5t

2.3 x 10°

The number of bacteria approaches 1 000 000.

4772

400
wr? (14¢)

— 1
c V—1600<1—m>

()]
=2 - - T -

="

i 70cm

ii 0.021cms™!
Proof

34.7 months

Not suitable, as it predicts indefinite growth.
N — 250¢(0-04¢ +0.1915in(0.524 ¢))

a o6 g e

dv __ _8e ¥
8 a de v

Proof

_1 L
=5 In(dt+1);v= 35

dv __ 2 dx
Proof
9 5

C g:z:z = —At + k

32
d 57

10a Inn =1+ Iln 5000 — e(~0:01)
b n — 5000e =~ 13 600

11 a Proof
b 2.1 seconds



Exercise 11A
1 a 13i

8.
b 131

3iv/10
12i
—-30
-9 + 3i
—20

Q 6 T o a6

Exercise 11B

1 4
6i
13
24i
241
—10
16
—36
4—1i
24 3i
7+ 0i
5+ 2i
5—5i
8 + 6i
(1471
(1 —17i)
1-3i
2+ 4i
$(—1—3i)
(3 +1i)
3 2z—y=1z+2y=3,z=1,y=1;1+1i
—2—bi

(7 — 2i)

F(—5+1)

1 .

5 a z=2,w=i
z=14i,w=2i

N
Qe "o Q0 g e Qe =m0 o 0605 e

(== w e =0

e 6 T &

=¥



+3i
—2+i
3+4i
2(—1+£5i)
1-7i
—2—i
5
—3i
8 z=3+4+4i
9 a 22-2x+5=0
b 22—-62+25=0
c z2+22+6=0
10x=2,y=1
11a 2+i
b —2+4+3i
c i,2+4i
d z=2+i,w=1i

e 60 T v A 6 T e

Exercise 11C
8 .
2 r(cos 0+ isinf), where:

_ _
a r=2,0= 5T

b r:2,0:%7r

C r:2,0:%7r

_ _ 1
r=2,0= T

cos 0 —1sin 0
cos 6 —1isin 0

w
6 T

r(cos @ —1i sin 0)
d L(cos 6—i sin 6)
4 2 (cos %71’—{—1 sin%ﬂ'),

V2 (cos (%W) + 1 sin (—i?‘(‘));
V3 +i
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(\3,0)

(0,71
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7 ecos 0’ sin 6
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—0/99(—0.4]1i
0 — 5i
| ¥e
a 1++/3i
b —5v2+5/2i
c 0—5bi
d —-3+40i
e —4.16+9.09i
f —0.99 —0.14i
9 r(cos 0+1i sin 0) where:
a r=224,0=1.11
b r=5,0=-0.93
c r="7.81,0=2.27
d »=10.63,0=—-2.29
e r=160=0
f 7':2,9:%71'
g r=3,0=nm
h r:4,0=—%7r
i r=2,9:—i
j r:2,0:%7r
10a +/3+i
b 3+4i
—3+4i, —9+4i

d +1v2+(271Vv2)i

Exercise 11D
1 2, =3-2, 2 ——3+2i
2 a (z—5i)(z+5i)
b (32—1—2i) (32— 1+ 23)
c (224+3—27)(22+ 3+ 2i)
d (z—2)(z2+2)(z2—2t) (2 + 29)
e (2-3)(z+3)(z—1)(2+9)
f (z—2)(z+1—-2i)(2+ 1+ 29)
g (z+1)(z—2—-1)(z—2+1)
h (z—1)°(z4+1—1i)(z4+1+1)
3 (1—4)(—1+2)(—1—2i)
4 (—2-1)(2—V7) (2+iV7)




5 Proof
a + (2423
b +(vV3+i), £ (13
C _210
d 260

+2 (cos Lor+isin

~
o

=2
o o=
N
N—"

+3 (cos £ m—isin
+(1-1)

+ (2 + 51)
+(1.10...+ 0.455. . .7)
+ (3 —2i)

=0 Q O

Lri i
es’  e3

+./e(cos 1+1isinl)

=4
[}

Exercise 11E
1 a Circle centre (0, 2) radius 7
b Circle centre (—1,3) radius 4
¢ Perpendicular bisector of the line joining (0, 2) to (2,0), y = z
2+ (y— 4)2 =9

2 a
b (z—1)°+(y—4)° =25
c y=2
d y=a—2

3 a Im

locus of P

I
3

I

» Re




Y A

(-3, 0)
& -
4 a z2 -|-y2 = 26
b z=1
(1,5), (1, -5)
A
ro ¥ =1
4 1(1 9%
pd \
/ X+ =026
REpS 0 o X
N rd
1,5)




End-of-chapter review exercise 11
1 1-i, —6
2 k==+2

3

4

a
b

C

a

T T T P T 9

(o]

4, %7‘(‘

+ (V3 +1i)
1-i(vV3+v2), —1+i(V3-+?2)
i 1,0

i 1,7

iii 1,0

iv 1,7

v 1,20

vi 1,20 27

vii 1, 20

viiil, 20 + 27

i 2,0

ii 0, undefined

iii 2,0

iv 0, undefined

v 2cos 6,0

vi —2cos 6,07
vii 2 cos 6, 6

viii—2 cos 60,0+
c=2+2i

lc| =22, arg c = Z
1+2i, 3

w =12

—343/3i _ —3-3,3i

7 AT T3
wy = 2wy = 1—1i

2,’1:3,252:




—mi

c 8es
d modulus = %, arg =m

10 a In 4

11 a The semicircle in the first quadrant of a circle with 3 and 4i at the ends of a diameter.
b The major arc of a circle with centre (—1,0) passing throughi and —i.

12a (z4+1)°+@xy-1)>=1
b y

* T T :
- 1 Ol %
c i miny2-1, max v2+1

ii min+/5—1, max v/5+1
13a a =1
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